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Quantum classical hybrid algorithm for solving partial
differential equations based on the finite element method
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Partial differential equations (PDEs) are fundamental to numerous scientific and engineering disciplines. However,
traditional numerical methods encounter the significant challenge known as the “curse of dimensionality” when applied to
high-dimensional or large-scale problems. The emergence of quantum computing offers a promising avenue to overcome
this bottleneck, yet existing quantum algorithms face their own limitations, including high hardware demands and the
constrained expressive power of quantum circuits.

To address these challenges, this paper introduces a novel hybrid quantum-classical computational method for solving
the Helmholtz equation. This approach strategically integrates quantum annealing (QA) with the classical Gauss-Seidel
(GS) iterative method. First, the continuous form of the Helmholtz equation is converted into a system of linear equations
using the finite element method. This linear system is then transformed into a special type of optimization problem called a
quadratic unconstrained binary optimization (QUBO) problem, which is specifically designed to be processed by quantum
annealing devices. Secondly, the QUBO problem is solved using a quantum annealer to obtain a high-quality initial
solution. A key innovation in this stage is the implementation of a residual compensation mechanism. This process involves
repeatedly refining the quantum solution by solving correction equations. Specifically, after obtaining an initial solution
from the quantum processor, we calculate the error between this solution and the ideal result. We then use the quantum
annealer again to solve for a correction term, which is added to improve the initial solution. This dynamic correction
process significantly enhances the quality of the quantum-derived solution, making it an excellent starting point for
subsequent classical refinement. Finally, we employ the classical Gauss-Seidel iteration method to further polish the
solution. Beginning from the optimized initial solution provided by the enhanced quantum annealing step, this classical
method efficiently converges to a highly accurate final result. This step effectively compensates for the precision
limitations of current quantum hardware while leveraging the quantum-derived advantage to dramatically reduce the
number of classical computation cycles required.

Experimental results demonstrate the dual advantages of our hybrid algorithm. The numerical solutions reliably converge
to the required precision standards, while the overall computational efficiency shows an improvement of 10% to 30%
compared to using the classical method alone. This performance gain stems directly from the superior initial solution
provided by the quantum process, which substantially reduces the number of iterations needed for convergence.
Additionally, our approach has modest requirements for quantum hardware and does not depend on the development of
large-scale fault-tolerant quantum computers.

This study not only provides an efficient and accurate new pathway for solving complex Helmholtz equations in the
current era of quantum computing but also establishes a flexible framework that can be adapted to solve other types of
partial differential equations. This work represents a significant step toward practical applications of quantum-classical
hybrid computing in scientific and engineering fields.

finite element, quantum annealing algorithm, Gauss-Seidel iteration, quantum classical hybrid algorithm
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