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Quantifying the magic resources of quantum channels via the
discrete Wigner functions

Shuangshuang Fu' & Xiaohui Li*"
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2 Institute of Mathematics, Henan Academy of Sciences, Zhengzhou 450046, China
* Corresponding author, E-mail: lixiaochui@hnas.ac.cn

The celebrated Gottesman-Knill theorem shows that stabilizer circuits can be efficiently simulated by classical computers,
while universal fault-tolerant quantum computation can be achieved via injection of magic resources into the stabilizer
circuits. Investigations about the quantifications and applications of the magic resource for both quantum states and
quantum channels have attracted lots of attention. There have been several measures of magic for quantum states from
different aspects, including the relative entropy of magic resource, sum negativity, mana, stabilizer rank, robustness of
magic resource, thauma, etc. Since non-Clifford gates can be injected as a kind of resource in the stabilizer formalism, it is
necessary to quantify the magic resource of the quantum channel. Recent developments in resource theory have generalized
the magic resource quantification to quantum channels. In this work, for quantum channels on odd-dimensional quantum
systems, we propose a new quantifier of magic for quantum channels employing the Choi matrix of the corresponding
quantum channel and the discrete Wigner function. The quantifier can be straightforwardly calculated. Besides, it possesses
some nice properties, including the faithfulness, additivity under tensor products, reduction to the states, and the Clifford
invariance; it is indeed a reasonable measure of magic for quantum channels. We review the injectable quantum channel
and find that for the injectable channel with a given resource state, the magic quantifier of this channel is upper-bounded by
the mana of the resource state. For the specific dephasing channel in prime-dimensional quantum systems, we evaluate the
magic quantifier explicitly and reveal its analytical relations with the maximal and average quantifiers of generating-power
of magic resource based on the sum negativity for quantum states. For a general unitary channel, we show that these
measures are quite different and reflect different perspectives of magic resources for quantum channels. We also make
comparative studies between our quantifier and two existing quantifiers of magic for quantum channels. The first one is the
“mana” for quantum channels. We demonstrate that although mathematically the two quantifiers are equivalent, they are
different norms revealing different features of the quantum channel. The two quantifiers can lead to different orderings as
regards the magnitude of the magic resource in the quantum channels. For the dephasing channels, the new quantifier is
simply related to the corresponding maximal and average magic-resource-generating power. However, the conclusion fails
to hold when employing the measure “mana”. The second quantifier we compare is the one based on the characteristic
function of the Choi state. We show that they are closely related in the sense that they can serve as bounds for each other.
Our findings demonstrate that these quantifiers are closely related, yet there are subtle distinctions between them. The
present work enriches the characterizations of the magic resource for quantum channels.

quantum computation, magic resources, quantum channel, discrete Wigner function, Choi matrix
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