
0254-6124/2016/36(3)-358–08 Chin. J. Space Sci. ������

HE Lu, DONG Xiaolong, ZHANG Xiangkun. Retrieval of plume density profile by microwave interferometry (in Chinese). Chin.

J. Space Sci., 2016, 36(3): 358-365. DOI:10.11728/cjss2016.03.358

����������	�	

��

� � 1,2 
�� 1 ��� 1

1(
����������
� 
��������������� Æ� 100190)

2(
������ Æ� 100190)

� � ������	�
�������������	
	. ��Æ
��	
������� Abel �

���	�, ��

��	��
�
���	�Hankel-Fourier �	�
 Nestor-Olsen �		���	�

������
. ��
����	�������������������
, ���������	��
����	; ��
��������������, �������Æ���	�����; ����
���
�, �����������. �����������
���
�����
��.

��� Abel �
�, �����, ����, Hankel-Fourier �	
���� P351

Retrieval of Plume Density Profile by

Microwave Interferometry

HE Lu1,2 DONG Xiaolong1 ZHANG Xiangkun1

1(Key Laboratory of Microwave Remote Sensing, National Space Science Center,

Chinese Academy of Sciences, Beijing 100190)

2(University of Chinese Academy of Sciences, Beijing 100190)

Abstract Microwave interferometer is an efficient tool for non-intrusively diagnosis of electron

density of plasma, which can be used for the measurement of plume of helicon plasma thruster.

Four different numerical Abel inversion algorithms, including the discretization method, the cubic

spline interpolation method, the Hankel-Fourier transform method and the Nestor-Olsen method,

are used to retrieved the plume density profile that is detected by microwave interferometry for

the cases with and without noise. After analysis of the effect of sampling density on the retrieval

error, the smoothing and interpolating solution is proposed to mitigate the under-sampling related

problem. As a summary, the procedures of the retrieval and processing are proposed. Two principle

verification experiments with microwave network analyzer have been done. In the first experiment, a

circular pipe is measured as a axial symmetrical target, which simulates the plume, and the retrieval

results match well with the shape of the pipe. In the second experiment, spatial resolved integrated

phase shifts are retrieved by Abel algorithm. The radial electron density profile within the plume is
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calculated. The experiments and their results verify the performance and validity of both the system

design and the retrieval algorithm.

Key words Abel inversion, Microwave interferometry, Plume diagnostic, Hankel-Fourier method
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)&.���� �!"�"��'/&,("
,#�-00.&�, 1$'"�)2(/% �
Æ*(%)*. Cappelli " [1] )&'. �%+*
"��!�3��. James[2] ,4+05(, &.)
6�)*, �� Gaussian -(*' �(", 7�
! Abel !$%. +*���.,�/+, 0 "�
�)�89&+,�0, �&1�-/:Æ1;�
-.,,</2("�"�! �!���Æ*=2
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-$#.>/, 3?023�1**4;25%
**4Hankel-Fourier **3 Nestor-Olsen **3
. Abel !$%�(%4)"��!��)*, ��
(%+*'45(@531;6($3.**$4
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1�7867

1.1 +1234,56
C�#�)"�! &�'(#2 [3−4] �7,

)989:!7D:�89E, "�! �8:;
��!��F#;�-(,�!��<<"�! ;
;, G

ωpe =
√
e2ne/ε0me,

#;<<"�! &��!8H;;, G

ωce = eB/mec.

�&, ne ,"�! �!��, me ,�!9�, ε0 ,

:�&=�=(, e ,�!��, B ,#;<�, c ,
:�&�9=.

*�#�;; ω >; ω � ωpe, ω � ωce %, :
�?. "�! @,I#A"�! , ;B>�:
!7D:3#;$�#�'()2�AB, "�! 
�8:; μ �+?>,

μ =
(
1− ω2

pe

ω2

)1/2

=
(
1− ne

nc

)1/2

≈ 1− ne

2nc
. (1)

�&, nc ,CD�!��, G

nc =
ε0meω

2

e2
= 1.24× 10−2f2. (2)

*�#�EC�� L !�"�! %, C��
��  %"�! !&"�'J�?>,'(�
�#'(K@� !, :

Δϕ = k0

∫
L
(1− μ)dl =

π

λnc

∫
L
nedl. (3)

C4<("�"�! /%GL<$+�)6,

:��!��!)�+?>�-=A r �$M-
( f(r), *= NF>)-?G%, �+%&9@(
>#�� !�?'(K@, �"'. Abel$%,)
<BO !�Æ*�!���-!)�>/.

1.2 Abel @AB
$4L$+P#� f(r), AL�C�, R, N=

A, x B!4 y '�O$ f(r) �! !, CD 1 !
>, %&O !�

F (x) =

∫ √
R2 − x2

−√
R2 − x2

f(r)dy =

2

∫ √
R2 − x2

0
f(r)dy. (4)

$4���� HE,F (4)?>$4F> x(
>, N y ')-�O#?6��'(� !. $@ 
!�!$�$%, C$ y � !$%,$ r � !,

:, Abel  !, G
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G 1 IQ�DA� f(r) R Abel 
���
Fig. 1 Relation between radial distribution function

f(r) and Abel transform F (x)

F (x) = 2

∫ R

x
f(r) =

rdr√
r2 − x2

. (5)

$S� Abel !$%,

f(r) = − 1

π

∫ R

r

dF

dx

dx√
x2 − r2

. (6)

2�Abel JEBFHCIKCD

Abel !$%�4)�+!,)6*6(%*.

)6*&.T/�!)-(*' �(", 7�!4
); (%*�?F (6) &� !D*D%,$�1(
"46, %GLM�D*=�, J'.4'5���
� �(",#.

CF (6) �+@/, 4) Abel !$%NC�O
G>/� x = r ,H)KU6+3. -(&H
)I(V. 3?E#02�1*4Nestor-Olsen )
*4Hankel-Fourier$%)*6;2J%3.(%)
*.

,K4$L, EA����  �%& [−R,R]

# 2N + 1 >("6 F (xi), ,P xi = iΔx, i =

−N,−N+1, · · · , N−1, N ,,P Δx,��  �7
�. Q f(r)��-FFG!F F (x)� x-FFG!
$G, : Δr = Δx, 4 f(ri), ri = iΔr, i = 0, 1, · · ·N .

2.1 HIJ-K
�1�)*�4) Abel!$%**&L,&M

�$..,.)*? !WG!,<>C'R("6
H2�9L#, N? x '#�FFJ( Δ, +OSK
U6>/; )T>L#U,  !F (6) &�I(VC
'R("6%/ [5]. �1*IFCE:

f(r) = − 1

π

N−1∑
i=j

F (xi+1)− F (xi)√
(xi +Δ)2 − r2j

. (7)

2.2 MN./O0-K
)�1�*&, !V&�I(C'R �%+

*%/,:&)I@5-.E,C4 �7�G,  �
6(M, %&�$4X2H)LGY5. ,3%&J
PN�I(%, �+? 2N + 1 > �6!, 2N >
L#, . 2N �OP<VF) �6$#HVOP;
2-(J%Q , 7$�4I [6].

2.3 Hankel-Fourier -K
Abel $%4Fourier $%6 Hankel $%�+

H2$>K, :$$>-(T�! Abel $%, 7�
! Fourier $%�$4, "4$��! Hankel $%
�$4. ,$#2.+, FHA K#2 [7]. C4. A

?> Abel $%*!, F ?>LPZ$%*!, H ?
> Hankel $%*!, ( FHA K�+?>,

FA = H. (8)

,P(/CE Fourier $%$6 Hankel $%$�?
RF:

F [f(x)] =

∫∞
−∞

f(x)e−jωxdx, (9)

F−1[f(ω)] =

∫∞
−∞

f(ω)ejωxdω, (10)

H [f(x)] =

∫∞
0
f(x)Jn(kx)xdx, (11)

H−1[f(k)] =

∫∞
0
f(k)Jn(kx)kdk. (12)

�&, Jn ?> n W Bessel -(.

M"F (8) �+�I/�-!)-( f(r) �4
))*, :

f(r) = H−1FA[f(r)]. (13)

�&, A[f(r)] $S��  �%&�O ! F (x).

T$��! Fourier $%, 7�! 0 W Hankel $%,

�+%&

f(r) =
1

π

∫∞
0

∫∞
−∞

F (x)e−jωxdxωJ0(rω)dω. (14)

�&, J0 , 0 W Bessel -(. $4 %��1(
" [8]:

f(rj) =
1

2π(2N + 1)2Δx

N∑
i=−N

F (xi)·

N∑
k=0

k cos
( ik

2N + 1

)
J0

( jk

2N + 1

)
.

(15)
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2.4 Nestor-Olsen -K
Nestor6 Olsen4 1960P(/$.�-!)-

( f(r) �(%4))* [8], :

f(rj) = − 2

πΔx

N−1∑
i=j

F (xi)Bj,i. (16)

�&:

Bj,i =

{
Aj,i−1 − Aj,i, i � j + 1,

−Aj,i, i = j;
(17)

Aj,i =

√
i2 − (j − 1)2 −√

(i − 1)2 − (j − 1)2

2i− 1
.

(18)

3�NQO[

,$+#P.)*�!!66LL,QT\R-
(

f(r) =
2
√
1− r2

π
, 0 � r � 1. (19)

�!Æ*(%6/. FF (19)-('$S� Abel$
%?RCE:

F (x) = 1− x2, −1 � x � 1. (20)

3.1 1RS2TUVW
)3?G.��1�**6OP;2**&,/

��? x 'FFJ: Δ �)*, OS) x = r ,�
KU6>/. ,3X&LQ Δ, !SR Δ = dx/n,

n = 2, 3, 4, 5, N? F ′(x) �)6%>S�!(%4
), %&�$4CD 2 !>.

BD 2 �+@/, ) r = 0 ,+*$4T4:
'%, U�+* r �YG, $4ZXY :'%. �
&&. Δ = dx/4 +*/�$4LR. E?&!02
��1�**6OP;2**$4/�R Δ = dx/4

+*%/�.

3.2 34-KU[\
!SR N = 30, 50, 100, 150, &.3.**%

&�$4CD 3 !>.

BD 3 �+@/, ? HE, 3.**&OP;
2J%**6 Hankel-Fourier**�$4LR,�1
�**P$, Nestor-Olsen **�Y5LG. +*(

G 2 VT]S]^WX����

Fig. 2 Comparison of the results with

different grid shift

"6(�YT, 3.)*�$4Y%+UU.

OP;2J%**Z_`4�V**,:&)(
"6(LM�-.E, �$4WF#2%V=& .

,�a,+*&&.�(",1TS@5� F (x)1
;(",$,<(%�!OP;2J%�+W%XP
N��I(%. @**%&�$4) r = 0 Y T
4:'%, Y5LG, ,E#�C�146+3FF
J:&"�. X", Abel !$%&�I(V<<3Y
Z&.I([5!�**Y$@5[\, C4&.'
 ("�!Æ*,OP;2)*�$42a@5�T
S"]�.

Hankel-Fourier **X%&3LR�$4. ZX
* N = 30 %@**�Y5L,Z_, U+* N �
YG, �$4ZXQ #2%. 'L4\[O.)
*, Hankel-Fourier **%&�&b(>�!)J,
PN. )'5�"��!��"�&, &b(>��
�^%^,?_���2-�##Z(, �"�"�
!_`�#6$$. C4FO.**�+*$4%
G'@�/)MY5,]^)&b(>Y5L9�*
*JJ'.4"��!��Æ*. B'5S.89,

Hankel-Fourier ,$`\J`'"�"��c4.

Nestor-Olsen **%&�&b(>�$4][
X4:'%.

3.3 abcaU56
BD 3 �+@/, 3.)*�+*$4/2+

* N �YG"%+UU. ,3^a+* N YT, ?
.**�UU-�,,P+*39@N %E, Hankel-

Fourier **4Nestor-Olsen **+3�1�**O
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G 3 �� Abel �
��	�
 (a) N = 30, (b) N = 50, (c) N = 100, (d) N = 150

Fig. 3 Comparison of different Abel inversion methods (a) N = 30, (b) N = 50, (c) N = 100, (d) N = 150

.)*�/)MY5 (RMSE), :

σ =

√√√√√√
N∑
i=0

[fc(ri)− ft(ri)]
2

N + 1
. (21)

F& fc ,+*%, ft ,#2%. /)MY5F N �
_dCD 4!>. * N %$<%,�1**�/)M
Y5L9, Hankel-Fourier**P$, Nestor-Olsen*
*LG. �1**�$4$!+LR, $)Na,b
:&&.�FF_J� dx/43`�)Q+*$4Y
5L9�2_E\/�,\$)Na,b:1&S@
5�AB. `D 4 "e: * N < 100, YG N �+Z
_UUO.**�$4; "* N > 100, +YGD*
�,\c9X("6(, $4$4�UU�Gf�.

) �9]^����"���%,a �d>
J:a��fe, '5 �6(�-LM, )&.4
Æ*2>HLGY5. a_, )�!�� ("Æ*
$8, �+T$ �%�!J%, B"9X$4�P
N2.

G 4 b�d��R N �����
Fig. 4 Relation between RMSE and N

3.4 7fU56
+#!6/)I@5�#g-.E�!.)'5

 �&,@52&3.)*�+*$4/b9@-�
�]�. R N = 80, N)'J:'%#T 5% @5
e�! Abel !$%, $4CD 5 !>.

)T@-.E, Hankel-Fourier **%GLR�
h4,"$4�1**6OP;2J%**,c?1
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G 5 f 5% ��g� Abel �
���
Fig. 5 Abel inversion results with 5% noise

G 6 �
ch��g� Abel �
���
Fig. 6 Abel inversion results after smoothing

G 7 ���	��Vdi�DA�
Fig. 7 Retrieval of discontinuous distribution function with different method

;6#�5%[4%1;6,�I(\S+*�)
*, @5�&S?&�$4$%J5.

a_, c#$' ("�!Bi,#. ,P&
. Savitzky-Golay e��, $#N�T@("EB
ie�! Abel !$%, $4%&UU, CD 6 !>.

3.5 g8�hiajk9:U56
$49fj��-!)-(, C4

f(r) =

{
1, r1 � r � r2, r1 < r2;

0, �V.
(22)

� Abel $%,

F (x) =

{
2
√
r22 − x2 − 2

√
r21 − x2, |x| � r1;

2
√
r22 − x2, r1 < |x| � r2. (23)

R r1 = 30, r2 = 50, Δx = 0.1, $ F (x) �! Abel

!$%, !%&�$4CD 7 !>. )3.)*&,

Hankel-Fourier **Y5LG, :@**9J',#
`d$��(", !+)'5�Æ*&, c#$"�
�!��!)�)_�!!6,Xe7\kJ*�Æ
*)*.

4�el

,//#.)*, �!3���� �5*'
/. '/&? PVC-U ja6mghja^,. _
k>4�fBJ:�'/g#,&.$$Llibh
jkli3^,/:6&ji3,��k�nm!6
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  ��#�!�. _e�'(%, B"5*��
�� �l^�-, % '/Z(n4? 1.

?)� 75mm � PVC-U ja[l# 20mm m
�mghja�! �. ,PE<ja,ao/o
�L$+$H, m) Abel  !��#, M(c�a
o&"�'($�,M( 1. :

f(r) =

{
1, 37.5 � r � 57.5;

0, �V.
(24)

�$S Abel $%n, F (x), ? F (x) �!o$��
d(, k = max[F (x)], : F (x) �LG%.

\k 27.45GHz;6$S�'((". +ja1
E�i3% %�'(^,Z8'(, %&CD 8

m 1 nÆo;
Table 1 Experimental parameters

���� ���
npoppppq Ka �d

npoprs/mm 420

opreqI/mm 20

��optus
/mm 115

��q^fqq/mm ±300 (��oprprss)

��q��/mm 2

rtspqq/GHz 27∼40

rtp�r� 201

!>?(>�'($�%. a'/2_AB,  %�
("H)9$++3&b_J>/, a_)Æ*8,

c#$("�!&but, �+��&Mg?$+
&buv4/%W%$+(". 89i3lhG9
�AB, ,487�i3�t-�!), $o$�(
"�!Æv D*e�! Abel !$%, $+*$4
i+d( 1/k %&D 9.

3.)*%&�$4Y�+GGÆw/. _
�PZ$H, U�)&b(>,H)LGY5, &"
Y5�E#au� _ao�#)2. D 10 $L3
ute �("F#2(", BD 10 !>�&b(
>, %�'($�94#2%,,$:x)�V;
6("&@;H), N)j!;6#J,_v, ,F

G 8 ����WX�y^�� (freq = 27.45GHz)

Fig. 8 Measured phase delay data (freq = 27.45GHz)

G 9 
�����
 Abel �
����
Fig. 9 Abel inversion of experimental data
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G 10 
k�g����R�w��
�
Fig. 10 Comparison of centralized experimental data

with analytical data

�#�)jU�'()2G_. \[,  �Y5, Æ
v Y5, Æ***Y5X%G$<�AB.

5�O[zÆ7

,4'5����  �"�"�! �!�
�!)(",#6Æ*�c#, $�1�4OP;2
J%4Hankel-Fourier6 Nestor-Olsen3.(%+*
)*�!b:!66LL, 5(31;6(4 �@
5$,<**Æ*$4�AB,N?3.)*.45
*6/' (",#. (%+*F'/,#$4?
Z, ),#s$�("%, Hankel-Fourier **%G
LXPN2, )S�%/���^%Y5L9, )T
@-.E, L�V)*%GJR�h4, U�),#
$�`d�("%Y5LG. )'5S.&, "��
�!)c$4Xv!),9H)3?'/&/:�`
dl{, a_ Hankel-Fourier**J'.4����
 �("Æ*.

w#!6, )'5�����+(",#�-
&, �=c#mtO>70: n1;("$+�; o
Bi,#; pC4/:Æ1;�-., c#�!J%
u9Æ*Y5. )�!1;6([J%6(�\k
%, �+Z8?&(/�(", )(",#=�6+
*PN�$#x/wv.
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