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ABSTRACT

The idea of proving theorems mechanically may be dated back to Leibniz in the 17th
century and has been formulated in precise mathematical forms in this century through the
school of Hilbert as well as his followers on mathematical logic. The problem consists in es-
sence in replacing qualitative difficulties inherited in usual mathematical proofs by quanti-
tative complexities of caleculations on standardizing the proof procedures in an algorithmic
manner, Such quantitative complexities of calculations, formerly far beyond the reach of
human abilities, have become more and more trivial owing to the oeccurrence and rapid devel-
opment of computers. In spite of vigorous cfforts, however, researches in this direction
give rise gquite often to negative results in the form of undecidable mathematical theories.
To eite a notable positive result, we may mention Tarski’s method of proving theorcms me-
chanieally in elementary geometry and elementary algebra. The methods of Tarski as well
ag later ones are largely based on a generalization of Sturm thcorem and are still too compli-
cated to be feasible, even with the use of computers. The present paper, restricted to the-
orems with betweenness out of consideration and based on an entirely different principle,
aims at giving a mechanical proccdure which permits to prove quite non-trivial theorcms in
elementary geometry even by hands.

1. FORMULATION OF THE PROBLEM

A. Tarski in a classic paper"™ of 1948 has settled the decision problem of real

closed field with one of its main aims to give mechanical proofs of theorems in ele-
mentary geometry. Alternative proofs of Tarski’s result have later been given by
Seidenberg, A. Robinson and P. J. Cohen, cf [12, 9, 2]. These authors have even
suggested construction of certain decision machine to carry out such mechanieal proofs.
However, such a procedure seems to be far from being realized. In faet, only proofs
of very trivial theorems in clementary geometry have actually been carried out on
computers, c¢f. c.g. [6, 7]. The purpose of the present paper is, leaving aside ques-
tions involving betweenness of points, to give an alternative solution of the decision
problem of elementary geometry based on a principle entirely different from those
employed by the authors above-mentioned. Our method permits to furnish mechan-
lcal proofs of quite difficult geometrical theorems which can be practised even by
hands, ie., by means of papers and pencils only. The programming on a computer,

based on such a method, though has not yet been done, will present no actual diffieul-
ties at all
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We shall restriet our considerations wholly to plane elementary geometry, though
our method may be applied to the consideration of various other kinds of geometry.
The first step of our method consists in the algebraic formalization of the geometrical
problems involved. Points in the plane are to be defined as ordered pairs of numbers
in a fixed field, say the field of rational numbers R. A dictionary is then set up
turning geometrical relations into algebraic expressions which may be considered as
either definitions or axioms. For example, for points A;= (x:, y.), distinct or not,
we shall say:

A, A, is parallel to A.4, if (z — z)(ys — y4) — (25 — 2 )y — y2) = 0,
A, A, is orthogonal to A;A, if (z, — z,)(#s — ) + (i — ¥2)(¥s — ¥s) = 0,
the length-square of 4,4, is r* = (z, — 2,)* + (s, — ¥2)?, ete.

We may replace the basic field B by other fields, make correspondence the points
to other kinds of number-sets, or modify the algebraic expressions in the axioms, e.g.,
instead of the length-square function 7* given above, we consider the function rt=
(& —x:)* + (¥ — ¥:). We then go to other realms of geometry, non-euclidean geo-
metry, real or complex projective geometry, finite geometry, ete. We shall however
stick ourselves in what follows to plane elementary geometry only which has some
representative charaecter.

To illustrate our method of treatment, let us cite first a simple example. Con-
sider the following statement:

(8,) Let A,A,4, be a right-angled triangle with right angle at A, If %, @
denote the lengths of sides Asd,, A,A4, and zs is the length of the hypotenuse, then

xy + x5 = 2%

The problem is to decide whether the statement (S.) is true or not and to give
an algorithmic procedure of proving or disproving (S8.) which holds good for all
statements alike in elementary geometry (with betweenness out of consideration).

To solve this problem, let us remark first that the points, ete., occurring in the
statement have a generic character subjected to the conditions implied in the hy-
pothesis of the statement. Thus, if we represent the points in question in coordinates
with Ay = (2o, vo), A:i= (uy 1), A= (U, v:), the coordinates v, %, i, %, V2 can
be considered as indeterminates. On the other hand, the other coordinates and geo-
metrie entities s, ), #», %s are then algebraically dependent on these indeterminates,
being restricted by following algebraic equations acecording to hypothesis of the state-
ment (8,):

fo = Cuy — )1y — ) + (v — vo)(v; — vp) = 0,

fi=z — (= 2)* — (v, — )" = 0,
fo= ot — G — @) — (0 — 0 = 0,
fi=a — (u, — ) — (v, — v,)* = 0.

The conclusion in the statement (S,) is equivalent to

9 = —af —z7 = (.
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Let us now take once for all the rational number field B as the base field. ILet
A" be the affine space on R with coordinates (vo, i, ¥i, Us, Vs, o, &1 Tz, 75) arranged
in that definite order. Then the above equations f; = 0 define an algebraic variety V
of dimension 5, in the present case irreducible over R, with some generic point (v,
Uy V1y Uz, V2, T, &y, Ty, Z3) Of which vg, i, vi, us, v: are indeterminates. The truth
or untruth of the statement (8.) amounts to g.=0 or == 0 on V respectively.

It turns out that the general decision problem can be formulated in the follow-
ing manner. '

Problem. In a certain affine space A" of dimension n=r+ d over B with co-
ordinates (uy,...,%a, %i,...,%.), consider an algebraic variety V with defining equa-
tions (u: being independent indeterminates)

fl('u'ls ) 'udrxl) = 0:

. fi(ula Y udelaxZ) =0,

(D
fr(ul: Tty U, T, T, 0 0 0, 117,) = 0

The variety V may eventually split into irreducible components, all of (real) di-
mension <<d. Those of dimension = d, with generic points of the form (ui,..., s
Z1,... %) for which Z; are algebraic over the field K = R(u,,...,us) will have a
union V* usually coincident with V. Let a polynomial g(u,...,us, Z,...,2.) (or a
set of such polynomials gx) in R[ui...,%s Zi,...,%.] be given. It is to decide in an
algorithmic manner whether

9=0
(or all g«=0) on V¥ or not.

In the above formulation the algebraic variety V, or preferably V* reflects the
hypothesis of the geometric statement considered. Either V or V* will be called the
associated variety of the statement in question. The variety V* considered as one
defined on the field K = R(uy,...,ua) is of dimension 0. The form of equations (I)
shows that the algebraically dependent variables z,...,z, are to be adjoined to K
successively which reflects the geometrical fact that, starting from some generic points
on certain generic lines, cireles, ete., new points are to be successively adjoined in an
algebraic manner by various geometric operations of joining points, drawing parallels,
perpendiculars or circles, forming intersections of lines and circles, etc. These geomet-
rical construetions give rise to algebraic equations involving z and u which can easily
be turned into the form (I) by simple elimination procedure. In fact, the starting
equations in z and w are rarely higher than 2. We shall call the variables » as the
parameters and = as the dependents. It is also to be remarked that the condition for
all components of V to be of dimension << d over R reflects just the determinate
character of the geometric statements to be considered, and the restrietion to V* re-
flects the depriving of degeneracies in our consideration. Both of these are, in
reality, implicitly implied in the hypothesis of ordinary geometrical theorems. On
the other hand, the equation g=0 on V* (or set of gi=0 on V*) is the algebraic
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equivalent of the conclusion of the statement to be proved or disproved. We shall
call g or set of g. in what follows the deciding polynomial(s) of the geometrical
statement in question.

Theoretically, the methods given by Hermann in [4] permit already to solve the
above decision problem in an algorithmic manner. However, his methods are so com-
plicated to give rise to astronomical expansions that even the simplest geometrical
theorems can hardly be proved. On the contrary the decision procedure given below
takes advantages of the particular character of the equations (I) and permits to prove
mechanically quite non-trivial theorems even by hands, i.e. by means of pencils and
papers only.

Our method of decision procedure is based on the following three theorems:

Theorem 1. There is an algorithmic procedure permitting us to split the as-
socrated variety V* of any determinative geometric statement defined by (I) wnto
subvarieties V' irreducible over R each of which, considered as defined over the field
K = R(uy,...,us) has a representative basis (i.e. basis of the associated prime idcal)
of the form

(pl: T pr)’
having the following properties:

(T1):. Each p: is a polynomial in R[u,,... ua &y,..., %] of some degree mi >0
m .

(T1),. The coefficients of pi, considered as a polynomial in zi, are polymomials
in Rlu,..., % Zi,...,2%-1] having no common factor and with degree in x; less than
m; for g=1,..., 1 — 1.

(T1)s. The leading coefficient of pi, considered as a polynomial in w, is a poly-
nomial 2= 0 in R[uy,...,u] free of all x. '

(T1)s. pi, as a polynomial in z,, is wrreducible in the field K = R(U,. .., %s),
and for each > 1, p;, as a polynomial n x:, is irreducible in the field obtained by
adjoiming z,...,%i-y to K by the algebraic equations p,=0,..., pi-y=0.

It is clear that the polynomials p,,...p, are uniquely determined by V’ up to
multipliers in R and will be said to form a privileged basis of V' (more exactly, of
the prime ideal associated to V" over K), with respect to the given order @,,..., 2, of
the dependents. Remark that the notion is in reality due to Grobner under the name
of prime basis, cf. e.g. [3] and ef. also [8] for the intimately related concept of
characteristic sets introduced by R. F. Ritt,

Theorem 2. Let (pi,...,»p.) be a privileged basis of any irreducible component
V’ of the associated wvariety V*. There is an algorithmic procedure which permits to
determine, for any polynomial h in R[u,..., %, Zi,...,2.], an equation of the form

Dh = Z h;l...,-,_:c"l SRR Z A;p;,

is=0 i=1

wverifying the following conditions :
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(T2):. D, hy..; are all polynomials in R[us,...,ua] and D x 0,

iy

(T2).. A are all polynomials in R{ui,..., s Zi,..., %]

The polynomials h; ,...,; which are uniquely determined up to multipliers in
R by the algorithmic procedure, will be called the remainder constituents of the
polynomial % with respect to the privileged basis (pi,...,».) of ¥V, or, by abuse of
language, simply the remainder constituents of A with respeet to V.

Theorem 3. For a geometrical statement with associated variety V* and decid-
ing polynomial g (or a set g. of deciding polynomials) to be true, it 1s mecessary
and sufficient that for any irreducible component V’ of V*, all remainder constituents
of g (or of all gi.) should be identically zero.

IT. ExAMPLES

Before giving proofs of these theorems in IV, we shall illustrate their use by
some examples below,

Ez. 1. For the geometrical statement (S.) about right-angled triangle as eited
in the beginning of the present paper, we see readily that the associated variety V in
parameters v,, i, Vi, %, v: and dependents %o, &), %, s, is already irreducible: over
R and possesses a privileged basis (p,, P, ps, P:), Where

o= 2} — Cuy + )% + wu, + (v — 1)V — vp),

@+ (uy — )z — w2 + wu, — (v, — v)(vy — v2),

P2
ps = @3 — (0 — ) — 163 + ey + (v, — ve)(vy — v2),
ps = x5 — Cuy — u)? — (vy — )%
It is readily verified that
g2 = Ps — P2 — D3,
while for #» > 2, we have
9n $é 0 mOd (pl:pbphpﬁi)-

It follows that (S.) is true only for = =2 which corresponds to the Keu-Kou
Theorem.

Ez. 2. Our decision procedure can also be applied to give mechanical proofs of
trigonometric identities. Consider, e.g. the following statements:

(S) If A+ A, + 4, = 1807, then
sin24, + sin24, + sin24; = 4sin 4A,sin 4,sin 4.
(Cy If A+ A; + Ay = 1807, then
cos24, + cos24, + cos2A4, + 4cos A cos A;co84; = 0.

To decide whether (S8) or (C) is true, let us set
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sind; =s,, cosd;=c;, (1=1,2),

sin2A4; = z;, eos24; =vy;, (1=1,2 3),

sind; = z,, cosd;= z,.

Take ¢, and ¢, as parameters and

81,82,%1,22,%1,%2,%3,Y1,Y2, Y3

as dependents (in this order), then the associated variety of (S§) or (C) is already
irreducible in B and possesses a privileged basis (p,..., pw) given by

m=s+ci—1,

P =8+ ¢i—1,

D3 = 2, = C8; = €8,

Py = 2; — §8, + ¢,C;,

ps = 2, — 2¢,8,,

Ds = T, — 2¢,5,,

D = 23 — 22,2,,

s =y — 2¢} + 1,

Py =1y, — 2¢] + 1,

Do = Y3 + 4c,6:58, — 4eiel + 2¢ + 2¢; — 1.

The deciding polynomials of the statements (S) and (C) are given respectively
by

gs =x, + x; + x5 — 48,8,2,,
.=y + 2 + ys + 4cic,2,.
We verify readily that

g = —2C8p — 20,80, — 2105(5132 + ¢,¢;) + 220 + ps + ps + By
= 0 mOd (pl; Tty Plo):
ge= —1+ 4cie;ps + ps + py + pp =0 mod (p1s s Pro)-

Hence (8) gives a true identity while (C) not.

Ex. 3. Let us consider the Simson-Line Theorem which corresponds to the follow-
ing statement:

(8,). From a point A, on the ecircumscribed circle of a triangle A,4,A4;, perpen-
diculars are drawn to the sides of the triangle. Then the feet of the perpendiculars
are in a line.

To prove this, let us take for simplicity the center of the circumscribed cirele
as the point (0, 0), while the radius is . Let the points A, (¢=1, 2, 3, 4) be
(i, w;) and the feet of perpendiculars 4; be (z; v;), j=5, 6, 7. Consider r, u,,
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s, Us, s a8 parameters and
Tyy Xz, L3, L4, Y5, Y Y2y T5, L6, L7

as the dependents in the order indicated.

A prime basis (pi,...,Pw) of the associated Simson variety which is irreducible
is readily given as follows:

b= ot +ul— o,
P = @} + uj — r?,

ps= a5 +uj — r?,

py=xi + uj — r?,

ps = 21r%s — hs,

ps = 21%; — h,

Py = 2r%; — Iy,

P = Up%s — ZTuYs + UsT; — U,
Dy = UnZs — TulYs + T3 — Ustty,
Do = Uz — LglY7 + W, — 1%,

In the above equations we have set for simplicity:

Uiy = U; — Uj, Ty = Ty — Ty, (%,j=1,2, 3),
hs = UyTyT3 — (’u-;ﬂ:;; + uﬂ:;)ih + rz(uz + Uz + 1&4) — UUsU,.

Similarly for hs and h..

The deciding polynomial is given by
g = xs(ys — y7) + xsy — ys) + 2:(ys — ye)-

Straightforward calculation shows again
g = 0 mod (pl; T pw),

which proves the truth of Simson statement (S.).

Ez. 4. For a less trivial example, let us consider the Feuerbach theorem which
corresponds to the following statement:

(S¢) The 9-point circle of a triangle is tangent to the four incribed and the
eseribed eircles of the triangle.

Let us take the three vertices of the triangle as (2w, 2v;), the center and radius
of the 9-point circle as (2, ¥:) and 7, and the center and radius of either .the in-
eribed or any of the escribed circles as (., %.) and 7. Introduce also variables z,,
Zz1, zs corresponding to lengths of the sides of the triangle. Then with w,, vy, %, v,
us,vs as the parameters and 2., 2s 2a, &, Y1, L2y Y2, 71, 72 as dependents in this order,
the associated Feuerbach variety V: splits into irreducible ones having privileged basis
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(p1,...,pe) given by:
h =ZI_1L-§3—?)§3,

2 a2
U3y Vi1,

3
|
A}
l

2 2
Uy — Via,

3
i
|

Py = 40z, — @,
ps = 40y, — Bu,
ps = 4Az;, — o,
p =48y, — 6,
Py = 4Ar, — 2,2,21,
Py = 2471, + 7.

In the above formulas we have put for simplicity

Wiy = w; — Uy, v =v; — vy, (4,7 =1,2,3),
Uy, Uy, 1
A=|u, v, 1 ’
Uz, v, 1
o = VUl + Wy + 1Wvy + v, — 2Quus0ss + Usitvs + WD),
B

o,

Il

Uy, — ViU — iUz, — iUy, + 2000505 + VU + VW),

— [vpenvy, + v(d — ) + v{d — ) + vs(uf — u)

+ £,85U53%223 + €3803,232, + £,8:03212;],

ﬂZ = u13u31u'12 + u‘l(”% - vg) + 11-2(1)§ - Uf) + u’i(t"i - U%)
+ £63Up32,23 + E36,Uy 232, T €,8,U212,,

vy = e(usuy; + vyvi)z + 82('“12'”'23 + ‘1’12’033)32

+ e3( Uty + VU3 )25 F 16,622,225,

Remark that the choice of &=+ 1 or — 1 corresponds to the 4 inscribed or escribed
circles and reflects the reducibility of the IFeuerbach variety.

Now the deciding polynomial of statement (S:) is of the form

g, = (qry — r,)' — (@, — 2,0 — (g, — 02)?,

in which =+ 1 or —1. By a straightforward calculation, however lengthy and
tedious, we verify that g, will be a linear combination of py,...,Ps for = + £16:8s
but not so for 7 = — g.e.6a. Thus the Feuerbach statement is a true theorem and
N = + ei&:63 reflects the manner of contact between the 9-point circle and the respee-
tive in- or es-cribed circle. Remark that in our formulation we have left aside the
question of betweenness and the manner of contact of cireles is not of interest to us.
In this way we can take ¢ =g.,- g-, as the deciding polynomial if we like. We
may also take the Feuerbach variety in the affine space of wi, vi, 2; ¥; only without
the introduction of 2z, %, 2z; so that it is irreducible at the outset.
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I1II. Some LeEMMAS

To make some preparations we shall consider a field R (uy,..., %, Zy,...,%,) in
which u,,...,us are transcendental while zi,...,z, are algebraic over the base field R.
The algebraic extensions to zi,...,z, are defined successively by the following equa-
tions

pi(x) = poas + puai ™t 4+ -0 + Pim, = 0,

(1 D@y, ;) = Py’ + puapt + 0+ Dam, = 0,

............

pr(xl: t T xr) = 'Prox;”' -+ prlx:"r_] +oee Prm, = 0.

It is assumed that for 1 << 4 <7, the pys are polynomials in the ring Pi_,=
Blus...., s &y,...,%:-1], that pw are polynomials 2= 0 in Py=R[us,..., %], and that
p: considered as polynomials in z; are irreducible over the field K:_, = R (u,,..., s
Zyy. .., %ioy) defined by the equations p;(2:) =0,..., pi-i(2y....Ty) =0. We put
here

Ky= K= R(uy, "+, uz).
Let # be the collection of sets of indices I = (&,...,%,) with 0 <4, < m; — L.
For such an I we shall write symbolically '
gl =z zjr.
Any polynomial of the form
A = Ya, 2!

with coefficients @; in a certain ring or field F will be called then-a normalized one
in Flzy,..., z].

Lemma 1. There is an algorithmic procedure which permits to determine unique-
ly for any polynomial A in P, a set of integers s,,...,8 =0 and a set of poly-
nomials A, in P, for I € & verifying the following conditions:

(L1);. Modulo some linear combination of p, over P,, we have
P ppd = ZAx.

(L1).. A: are polynomials in P, with coefficients linear in those of A, con-
sidered as polynomial in P..

(L1)s. si,...,8, are the least integers >0 to make (L1), and (L1). poussible.
Proof. Considering both A and p, as polynomials in z, with cocfficient in p,,,
we get by division for some integer s, >> 0 taken to be least possible

p:OrA = Qrpr + Rr'—'ly

with @,, R.., polynomials in P, for which the degree of R.,_, in z.is < m,. Con-
sidering now p,—; and R,_, as polynomials in z,_, with eoefficients in R[u,,..., U,
Ty,. .., Zr-sy |, we get by division for some integer s,-, >0 taken to be least
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possible
p:r—'_liﬂRr—! = Qr—lpr—l + RF—Z!

with Q,_,, R,_. polynomials in P, for which the degrees of R,-. in z, and z,-. are
< m, and < m,_, respectively. Proceeding in this manner, we get successively

p:’-‘-_i:GRf—Z = Qr—zpr—i + R,_g,
PR, = Qip, + R,,

with R, as a polynomial in P, for which the degree in =z, is < my, 1 < i<r. We
may then write R, as IA,z' and get the expression verifying all the conditions in
the Lemma as required.

Lemma 2. There is an algorithmic procedure which permits to determine for
any polynomial in some indeterminate y of the form

A= Aoym+ Alym_l+ A + A_m
with cach A, in P, and A, 5 0 in K, expressions of the form

HA=B+ Cp + -+ + Cp,,
wrth

B = By"+ By"'+ --- + B,,
verifying the following conditions:

(L2),. All B, are mormalized polynomials in P, and B, is a polynomial == 0.
1-73 Po.

(L2).. Ciare all polynomials in P, [y] and H is one in P,
(L2)s. H =0 mod (pyy...,Dr).

Any such polynomial B satisfying (L2), will then be said to be a mormalized
polynomial over P, in the indeterminate y.

Proof. By Lemma 1, we have for some integers si,...,5 >0 an expression of
the form

pae - opid = A + Ay + -+ + A, mod (py, -+, p,)

with all A7 normalized in P, and A, 0 in I{,. Suppose that A, is free of #isy,. ..,
z, but not so for x. As A, has a degree < m: in x while p; is irreducible in
K., and of degree m; in x, we find by the usual division algorithm polynomials h,
E in P; and As" in Pi_; such that

hAG + kp; = Ag,

in which b is == 0 in K. and Ao s 0 in K;,, We have then an expression of the
form

hplde - DA + kpy" = Agy™ + hAy™™ + -+ + hA4;, wod (pi, -+, ).
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Applying Lemma 1 again to hA4, and A.’, we get then some expression
R'A = AJy™ + AVy™ + <+ + A, mod (p,, -+, p,),

for which all A.,” are normalized in P, with 4,” 52 0 in K, and not containing any z;
for j =1, and h” is some polynomial in P, which is 5 0 in K,. If A,” is free of all
Zi,. .., T, we may take

B=Afy" 4+ Ajy" + - + A,
as the polynomial B required or otherwise we proceed as before.

Lemma 3. There is an algorithmic procedure which permits to factorize in K,

any polynomial in P.[y]

A=Ay" + Ay + -+ + 4,
with A in Py and Ay 5 0 in K,, m > 2. More precisely, it permits to find expres-

sion of the form

HA = A’ + ZC,'p,',
with

verifying the following conditions:
(L3).. Each A; is @ mormalized polynomial in P.[y] and is irreducible in K..
(L3):. H 1s a polynomial in P, which is s 0 in K,.
(L3)s C. are polynomials in P, [y].
Proof. The method of Hermann in [4] permits to give, in an algorithmic man-

ner, a factorization of A into irreducible ones in K, so that after clearing of frac-
tions we have an expression of the form

DA = B,-++B, + SB)p,,

with B;, B/ polynomials in P,[y], B; irreducible in K, and D a polynomial in P,
which is 5 0 in K,. Applying now Lemma 2 to each B, we get then the oxpreesmn
required. Consider also the reference [15], p. 130.

IV. Proors or THE THEOREMS

We are now in a position to give proofs of Theorems 1—3 quite simply as fol-
lows

Proof of Theorem 1. For the defining system of equations (T) of the associated
variety V, let us consider f,(u,,...,%s, 2,) as a polynomial in z, with coefficients in
R[uy,...,u.] and factorize f, into ones irreducible in K = E(u,,...,us) by applying
the algorithm in TLemma 3, with z, as 4 and 0 as r there. Take any such irreducible
factor as py(x,). liet K, be the field obtained from K by adjoining z, defined by
the equation
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n(z) = 0.

Now f., considered as a polynomial in the indeterminate ., cannot be identical with
0 in the field K, for otherwise the variety V would be of dimension > d, contrary
to the determinancy hypothesis of our geometric statement. Applying Lemma 3 to
f. with . as y and 1 as r there, we get a certain polynomial f.’ in P, = R[u,,. .., Us
2, 2] with an expression of the form

h,f, = f; + Cupy,

in which f.", as a polynomial in the indeterminate ., is a product of normalized
factors irreducible and == 0 in the field K,. Take any such factor as p.(xs, x.). Let
K, be the field obtained from K, by adjoining x. defined by the equation

pz(ichxz) = 0.

Then fs is a polynomial in the indeterminate z; over P, which cannot be identical
with 0. Applying Lemma 3, we get an expression of the form

haf& = fa + Caupy + Cups,

in which the polynomial fi’ in z; is a product of normalized factors irreducible
and 540 in K,. Take any factor as p;(&, 2., Zs), adjoin z; to K, by the equation
Pa(xl;xz,-’va) = 0,

and proceed further as before. In this manner, we get finally system of subvarie-
ties V’ irreducible over R, each defined on K by systems of equations of the type

p!.(xl) = 07
pz(icnxz) = (),

------

(111)

pr(xlsxh Y xr) = 09
verifying some obvious conditions as deseribed in TII.

It is easy to see that the collection of all such subvarieties exhausts the given
variety V*. In faect, consider an irreducible component in B of V* with "a generic
point, say (Ui,. .., Uay Tn,. . ., &), in Which wu,,. .., 4, are independent indeterminates while
Z1,. .., T depend algebraically on them. As (wuy,...,uq, Z;) should satisfy the system
of equations (I), in particular the equation f, =0, they should annul some one of
the irreducible factors of f,, say p, before. Now, (ui,...,%s %1, F2) should satisfy
the other equations in the system (I) as well as the equation p,(z) = 0. It follows
from expression about f." given above that they should also satisfy the equation
f:" =0 and hence should annul one of the irreducible factors of f.’, say p.(zi, @)
above. Proceeding in the samec manner we see that (u,,..., w4, &,- .., %) should satisfy
a system of equations of the type (ITI) and hence is a generie point of an irreducible
subvariety among the collection found above. This completes the proof of the theorem.

Proofs of Theorems 2 and 3.
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Theorem 2 follows immediately from the algorithm in Lemma 1. The truth of
Theorem 3 is quite clear from Theorems 1 and 2.

Final Remark. Our algorithm for the mechanization of theorem-proving in ele-
mentary geometry involves mainly such polynomial manipulations as arithmetic
operations and simple eliminations, which were all originated and quite developed in
12-—14 ¢. Chinese mathematics, cf. e.g. the book of late Chien" for the explanations.
In faet, the algebrization of geometrical problems and systematic method of their solu-
tions by algebraic tools were some of the main achievements of Chinese mathema-
ticians at that time, much earlier than the appearance of analytic geometry in 17ec.

Added i Proof. (Deec. 1977).

The same principle has been applied to the mechanization of theorem-proving in
elementary differential geometry with the aid of Ritt’s theory of differential algebra,
of which the details will be given later.
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