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Abstract: Archaeologists and archaeoastronomers are often faced with the problem of deciding whether a specific
archaeological artifact is an intentional representation of an asterism on the sky or rather if such a resemblance is
purely coincidental. Sorting out this kind of problems is difficult also because of the lack of a statistical evaluation
of the probability of the alleged similarity, and, although in the literature one can find a few attempts in this direction,
there is no general consensus about a procedure with a rigorous statistical background.

The aim of this work is to propose one possible rigorous approach, built on the principles of the Point-Pattern
Matching (PPM) technique used in astronomy and in other fields of science, and at the same time on those of the
axiomatic theory of probability.

We first analyze the similarities and the differences between the PPM in astronomy and archaeoastronomy,
showing that a simple least-squares fit can be used to find the best matching between the asterism and the artifact.
Then we discuss the interpretation of the residuals of such a fit in other approaches found in the literature, and we
propose a different use of these residuals to estimate the matching probability by means of a Monte Carlo
simulation. We test our procedure on the well-known case of the three Giza pyramids and their alleged resemblance
with the stars of the Orion Belt, and we use the results to stress that the probability found in this way represents

just the matching probability that a single random extraction can match a single asterism, while the final probability
has to take into account the matching probability with different asterisms by the complete population of similar
artifacts. This requires to give a reliable estimation of the number of eligible asterisms n, and of that of the artifacts
ng.

It is in general very difficult to obtain a precise estimation of n, and n.;, and although one can finally obtain a
reasonable conclusion for the case of the Giza pyramids, each case makes a story on its own and it has to be
studied individually, with no guarantee of reaching a conclusive result.

We therefore conclude that the proposed method is certainly based on a solid statistical background and that
it gives a reliable estimation of the matching probability for a single extraction. The definition of the overall
probability for any asterism and the complete population of artifacts is also straightforward in case of independent
extractions, but the difficulty of providing a reliable estimation of n, and n,; can hamper the chances of deciding on
the issue of intentionality solely on the basis of a probabilistic approach. However, it is likely that this analysis can
provide useful results that can be used together with other pieces of evidence.

Keywords: archaeoastronomy; statistics; probability.

1 INTRODUCTION of astronomy in some specific archaeological

Archaeoastronomy is a subsidiary discipline of problems.

both archaeology and astronomy that investi- For example, when it comes to each spe-
gates the astronomical content of archaeologi- cific case, the reliability of the archaeoastron-
cal relics (Sinclair, 2006). By bringing up evi- omical results and methods is often criticized,
dence of alignments with specific astronomical especially among the archaeological commu-
phenomena, or other kinds of astronomy-relat- nity (Polcaro, 2016). According to the cited
ed features, these studies can help us under- work, these difficulties have multiple causes;
stand the civilizations of the past. the lack of familiarity of archaeologists with the

subjectcertainly plays an important role, but this
paper identifies another important factor also in
the quality of some archaeoastronomical works.
In particular, it stresses the difficulty of giving a
rigorous and accurate statistical assessment to
the conclusions of the research. The need for a
statisticalassessmentisindeed included among
the list of checks, inspired from the standard
practice in pharmacology, that, according to the
author, any archaeoastronomical work should
meet to be considered scientifically viable.

Indeed, astronomy is universally recogniz-
ed as one of the most ancient among human
activities, and it is well known that it played an
important role in society since very remote ant-
iquity. It is thus not difficult to accept, even in
the absence of written records, that traces of
the connection between astronomy and an an-
cient civilization can be found in its archaeo-
logical relics. The debate is not around the ex-
istence of the influence of astronomy in ancient
civilizations, but rather on its characterization,
namely on the possible astronomical interpret- A case in point of the statistical issue is the
ation of specific artifacts, or on the usefulness problem of deciding upon the intentionality of a
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particular astronomical alignment (Polcaro,
2016). In a similar vein, in this work we con-
centrate on another example, namely the sim-
ilarity of some artifacts with significant celestial
objects and the alleged intentionality of such a
similarity. One popular example of this kind of
problem is a set of French Gothic cathedrals
that would reproduce the shape of the Virgo
constellation, and another one, probably even
more famous, is the alleged resemblance of the
three famous pyramids of Giza, Egypt, with the
stars in Orion’s Belt, as well as various sug-
gested human-made representations of the
Pleiades or of the Little Dipper (Charpentier,
1975; Cora, 2017).

Identifying a specific shape from a series of
points is a well-known topic of Information
Technology dubbed ‘Point-Pattern Matching’
(PPM), and for this reason our work took a cue
from the existing literature. However, we have
to accept that such a problem develops in a
different way in archaeoastronomy. This matter
is presented in more detail in Section 2.

The aim of the present paper is thus the
definition of a statistically sensible way of test-
ing the hypothesis of an intentional correspond-
dence between a human artifact and an ast-
erism in the sky. This has to include both a
quantitative definition of similarity between two
sets of 2D points and an estimation of the prob-
ability that such a similarity can be intentional
by checking it against the null hypothesis of a
random placement. Both problems are tackled
in Section 3, while in Section 4 the method and
its results are practically illustrated based on a
case study.

Section 5 explains the further problem of
making a full statistical evaluation of the proba-
bility and the possible limitations of a purely
statistical method. Finally, in Section 6 we pre-
sent our conclusions.

2 THE POINT-PATTERN MATCHING

PROBLEM IN ASTRONOMY AND
ARCHAEOASTRONOMY

The PPM problem plays an important role in
many differentdisciplines and applications, from
computer vision to computational chemistry,
and from shape reconstruction to medical imag-
ing (Li et al, 2003). In short, it can be defined as
a method to identify an object by searching for
correspondences between subsets of points in
two different sets. In this, it can be considered
a sub-domain of feature-based methods that
can use different structures such as, e.g., lines,
curves, edges, or surfaces.

The PPM problem is not unknown in as-
tronomy either; quite the contrary, it has been
continuously investigated at least during the last

~ 220~

four decades (see e.g. Groth, 1986; Murtagh,
1992). The ideas contained in these papers
were extensively used and further developed
for many purposes in subsequent works. For
example, Pal and Bakos (2006) extended the
approach of Groth (1986) to tackle the as-
trometric matching problem in wide-field sur-
veys, where the number of stars is much larger
and the contribution of non-linear transform-
ations between the two sets is not negligible
because of the amplitude of the field of view.
Astrometry.Net, instead, (Lang et al., 2010) is
used to identify the stars in a given image
and to generate its World Coordinate System
(WCS) information, namely to position such an
image into a standard all-sky reference system.
The declared goal of this software is to make
sharing astronomical data easier, thus making
their exploitation wider and more effective in the
scientific community. The problem of bringing
two or more images to a common reference
system, also called ‘image registration’, is met
also in other projects, like Montage (Berriman
and Good, 2017; Jacob et al., 2009), set forth
to ease the process of astronomical image
mosaicking. Finally, an image registration prob-
lem that uses PPM techniques is involved also
in Astroalign (Beroiz et al., 2020), a Python
module conceived for more ‘observation-relat-
ed’ applications, like managing telescope night-
drifting, astrophotography, coaddition and im-
age subtraction, where bringing the images to a
common reference frame needs no WCS infor-
mation.

This list could be longer, and the interested
reader can easily find some more examples in
the references of the cited papers, but to our
knowledge what we present here is represent-
ative of the current uses of the PPM techniques
in astronomy.

In general, astronomical applications imply
an input in the form of images or a list of coord-
inates that represent stars, and they answer
questions like “Where in the sky are these
stars?” or “How can | join these images to form
a single map?” But suppose for a moment that
one of these tools is fed with some fake images
of a star field, or some fake lists of coordinates,
both randomly generated. It is not difficult to ad-
mit that, given the large number of potential tar-
gets, these algorithms would likely find a cor-
respondence in the sky, at least in some cases.
Fortunately, in the real world of ‘common as-
tronomy’ we do not have to face this disturbing
possibility, because we can be reasonably con-
fident that our data are representations of stars,
or other celestial objects, but this is not the case
in archaeoastronomy, as we have seen in the
Introduction.
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The differences between the two cases
could hardly be more striking:

e in astronomy we can rest on the fact that
our input data are an actual representation
of a portion of the sky, whereas in archaeo-
astronomy the input data are artifacts that
are claimed to represent some specific sig-
nificant stellar asterism;

in astronomy, having no clue about which
stellar pattern is represented in our image
is perfectly normal, whereas in archaeoas-
tronomy we are usually pointed towards an
astronomical interpretation of the artifact
precisely by the similarity of the pattern with
a specific asterism; moreover, we can take
for granted that the stars allegedly repre-
sented are among those visible to the nak-
ed eye, which greatly reduces the number
of potential targets;

in astronomy we have different ways of
verifying a given correspondence found by
means of a PPM method, whereas in arch-
aeoastronomy we usually have just an arti-
fact with a pattern and the stars in the sky;
we thus need to give a quantitative estima-
tion of the probability that the matching is
not a false positive, namely that it happen-
ed just by chance.

The PPM problem in archaeoastronomy,
therefore, shares with the astronomical case
the need to find the optimal transformation be-
tween the ‘target’ asterism and its alleged
representation, that carries one onto the other.
For this task, a natural choice is a general lin-
ear(-ized) conformal transformation, as also
adopted in several earlier works.

Once this task has been accomplished the
remaining part of the problem, not present in the
astronomical case (at least not in these terms),
is to quantify the probability that the matching
found with this transformation can be attributed
to pure chance. We show below that this re-
quires us to define a quantitative measure of the
‘similarity’, which can be compared with the an-
alogous measure estimated for a random pat-
tern.

Both of these tasks are tackled in the next
section.

3 LEAST-SQUARES MATCHING AND
PROBABILITY ESTIMATION

As explained in Sections 1 and 2, the applica-
tion of the PPM problem to archaeoastronomy
requires the solution of two different problems,
that is:

(1) togive a quantitative evaluation of the good-
ness of matching between two sets of 2D
coordinates;
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(2) to estimate the probability that such a
matching can occur by chance.

Each of these two points is tackled in Sec-
tions 3.2 and 3.3, respectively. First of all, how-
ever, it is worth discussing a preliminary step,
namely, how to prepare our inputs, that is, the
sets of 2D points.

3.1 Building the Input 2D Coordinate Sets

The sky appears as a spherical surface to our
eyes, so in principle it should be mapped with a
grid of curved coordinates, and the natural
choice for the asterisms that have to be check-
ed would be any celestial longitude—latitude
coordinate system, possibly computed at an
appropriate epoch. An accuracy of the order of
1 arcmin is quite adequate for archaeoastron-
omy (an unaided normal human eye has a max-
imum angular resolution of about one arcmin-
ute, corresponding to the 20/20 value of the
Snellen visual acuity scale, see Yanoff and Du-
ker, 2009, 54) so one can safely neglect cor-
rections due to the actual 3D distribution of
celestial objects, like parallactic shifts.

Unlike the case of astronomical alignments,
in the PPM problem changes in the coordinates
due to the varying orientation of the Earth,
because for example of precession and nuta-
tion, can also be neglected, because they are
the same for all the objects in the sky, and thus
they do not alter the ‘shape’ of the asterism, i.e.
the relative positions of its components.

On the other hand, the need to investigate
very ancient artifacts dating back several thou-
sand years, implies that possible corrections
due to proper motions should be checked.

Another aspect that can alter the shape of
our set of points is the coordinate representa-
tion. In principle, the asterism in the sky should
be mapped in spherical coordinates, namely
those of a curved manifold, but it is common
practice, from the plate reductions, to use the
so-called standard coordinates (¢,7)

f _ cos § sin Aa (1)
sin § sin D+cos § cos D cos A
(= sin § cos D—cos § sin D cos Aa (2)

sin § sin D+cos 6 cos D cos Aa

which are obtained (see e.g. Green, 1985) by
projecting the spherical coordinates («, §) of an
object on a spherical surface onto the plane
tangent to the unit sphere at a given point with
coordinates A, D) (Figure 1), and where Aa =
a—A.

A potential issue of this approach is that the
projection, rigorously speaking, alters the shape
of a figure, which is exactly the property we
want to compare. Thus, we need to determine
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Figure 1: The black points with coordinates («, §) on the celestial sphere are projected
onto a plane tangent in T = (4,D) to the sphere. The projection is implemented by
Equations (1) and (2), which endow such a plane with the reference grid of the so-called
standard coordinates ¢, 7. In the figure, the projected points are represented by the red

dots.

when these deformations are negligible, that is,
the limits of applicability of this method. As it
can be immediately understood by comparing a
planisphere with a globe, deformations are larg-
er for figures of larger angular size. Moreover,
since the shape is determined by the angles
between the sides of the figure, the deformation
introduced by this projection can be measured
from the difference Aa between the angles on
the curved and on the flat projection surface,
respectively.

Equation (A.3) allows for quantitative esti-
mation of Aa as a function of the angular size a
ofthe figure, showingthat, for example, Aa =~ 1.1
arcmin for a = 2.25 deg. Therefore, projections
can be safely adopted for most asterisms,
except possibly for large constellations.

Similar considerations apply for the candi-
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date on-ground representations. The archaeo-
logical artifacts having a claimed astronomical
correspondence in the sky can be of various
types. Their size can range from less than 1 m?
to monumental representations covering dist-
ances of a few kilometers, or even hundreds of
kilometers for the most extreme claims. How-
ever, their angular sizes depend on the ratio
between the physical size and that of the Earth.
The previously mentioned angular size of 2.25
deg, for example, corresponds to a distance of
about 262 km on the surface of our planet.
Once again, this guarantees the applicability of
the projection approach for the vast majority of
cases.

It is also worth noting that what is actually
relevant is not only the absolute size of the ast-
erism ion the sky or of its representation, but
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also the ratio between the two angular sizes,
because figures covering similar angular areas
are deformed in similar ways. In other words, if
we had an asterism and an alleged represent-
ation of the same angular size, we could still
use the standard coordinates in case their de-
formations are significant.

Finally, we are not strictly constrained in the
choice of the tangent point of our projection.
However, it is clear that it would be convenient
to minimize the deformations coming from the
projection. This naturally calls for using the
barycenters of each set, namely

1

Azapg=-— =1 3)
1

D 2 6p=_%i,6 (4)

In conclusion, for the stars the required
input set of 2D coordinates on a flat surface is
obtained by the above-mentioned projection, a
procedure that can be applied to the artifacts as
well, unless they are small enough to start di-
rectly with flat coordinates.

3.2 Description of the Matching Method

The general input of a PPM problem is con-
stituted by two sets of points with different car-
dinality, say n and m, and the algorithm tries to
match a subset of one of the sets with car-
dinality k < min(n, m), with an equal number of
points of the other set. For what was mentioned
in Section 2, however, the problem under in-
vestigation can be restricted by considering two
sets with an identical number of points, be-
cause we start from an initial guess about the
correspondence between a set of stars and a
set of different objects. In other words, in a clas-
sical PPM problem we start by knowing that a
set of points represents a specific kind of object,
and we try to find the one that best matches this
set among a list of possible candidates by com-
paring, in general, subsets of points of these
candidates. In archaeoastronomy, as already
mentioned, we start ‘from the other side of the
problem’, namely we have already identified a
correspondence, and we need to prove this
claim.

Regarding the cardinality of the sets, in a
certain sense subsets are used also in arch-
aeoastronomy, but this cannot be considered a
pure PPM problem. Probably, the best way to
understand such a statement is by example.
When it is stated that the three pyramids of Giza
represent the three stars in Orion’s Belt, it would
be natural to wonder why the ancient Egyptians
should have picked out just these stars from
among all stars. In fact, these were part of a
larger constellation named ‘Sah’ that included
stars from Orion and Lepus (Shaltout and Bel-
monte, 2005). Obviously, there could be many
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reasons for such a choice, but usually this mat-
ter has to be understood a priori with specific
motivations that have nothing to do with a PPM
problem. For example, one might say that the
pyramids were aligned with the stars on a sig-
nificantdate, or that these three stars had a spe-
cific meaning in Egyptian mythology. In other
words, we need solid justifications for the choice
of a specific subset, without which even a per-
fect match would make little sense.

For this reason, we worked with the hy-
pothesis that the PPM problem of choice in
archaeoastronomy always takes place between
two sets of equal cardinality. We then adopted
a method similar to that followed by Wang and
Zhang (2012), which finds the best possible
match between the two configurations by mo-
deling it with a conformal Euclidean transforma-
tion.

In our case, in fact, we need to identify a
transformation that allows a geometric match-
ing between two ‘shapes’. Such a matching is
necessarily based on a comparison of angles;
two patterns match one another when corres-
ponding triangles formed with any three corres-
ponding points of the two sets are similar, that
is, when they form the same angles between
their sides. For this reason, the transformation
between the two sets has to keep angles un-
altered, or in mathematical language, it has to
be conformal. In a 2D Euclidean framework, the
most general conformal transformation uses 4
parameters (see e.g. Vecchiato, 2017 and re-
ferences therein) expressing a combination of:
a common-factor scaling (1 parameter), a rota-
tion (1 parameter), a translation (2 parameters)
and, possibly, a parity transformation (no para-
meters), but we can make it simpler.

The parity transformation implies an inver-
sion of the symmetry of the object that we need
to match with. We decided to skip it for the mo-
ment because it would mean considering cases
of a ‘mirrored’ representation of the object. We
cannotexclude that, in specific cases, this might
be meaningful, but in this paper we are more
interested in establishing the principles of a
general approach that can be extended in fu-
ture works. We can also neglect the translation
and its 2 parameters as long as we make the
assumption that such a transformation is implic-
itly taken into account by ‘overlapping’ the two
tangent points, namely the origin of the two
standard coordinates’ reference systems (see
Appendix 2). This implies a sub-optimal realiza-
tion of the matching transformation that may be
potentially relevant, since a bad choice of the
two tangent points would completely disrupt the
matching. However, in our case, a first visual
correspondence between pairs of artifacts and



A. Vecchiato, G. Bernardi and A. Cora

Point-Pattern Matching and Probability in Archaeoastronomy

stellar objects is established by eye, and in such
a situation, a convenient choice is the bary-
center of the two sets as in Equations (3) and
(4). These two points, as mentioned in the pre-
vious section, minimize the deformations gen-
erated by the projection onto the tangent plane
of the standard coordinates. Itis worth stressing
again that choosing to estimate the translation
in this way does not produce the best possible
matching, so the outcome we are obtaining has
to be intended as an upper limit of, although
probably quite close to, the best result.

After having converted the spherical coor-
dinates of the stars and, if needed, of the arti-
facts in their standard coordinates (£;,17;) and
(¢i,m), with i = 1,...,n, the remaining scaling
and rotation parameters are obtained by solving
for the unknown parameters a and b in the
least-squares sense the following system of
equations

(Sgl =éa—nb
7, =&b+mna

I E_n = Ena - nnb
L7711 =&épb +1mpa
where, as described in Appendix 2, we formu-
lated the problem in such a way that the re-
sulting system is linear and the scale factor s
and the rotation angle 6 can be obtained from
a and b with Equations (B.9) and (B.10).

The result is the best match between the
two sets in the least-squares sense, namely, as
mentioned in Appendix 2, a new set of points
{P;} = {(¢,,7;)} that minimizes the sum of the
squares of the distances (and obviously also
the sum of the distances)

Ssq(di) = ?:1 di2
~ =2 - _
=YL, (&-&) + @ —m)? (6)
of this approximate reconstruction with the
‘target’ points {P;} = {(&,m)}.

3.3 Matching Probabilit

Once the best matching parameters have been
estimated with the procedure of the previous
section, it is necessary to give a quantitative
estimation of the probability of such a matching.
This provides an evaluation of the probability
that the similarity between these ancient monu-
ments and the stellar cluster (or asterism) is due
to pure chance.

(5)

In previous years, other researchers, in-
cluding one of us, have already tried to develop
a mathematical method to quantify the prob-
ability that ancient artifacts show a by-chance
correspondence with celestial objects. It is thus
worth spending some time giving an overview
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of the authors’ current knowledge of the matter.
This will give us a chance to explain why we
decided to choose a different way for this task.

Gaspani (2012) suggested a method based
on the Bernoulli distribution. The advantage of
such a method is that its only input is the car-
dinality of the set. This is allowed by the cha-
racteristic of the adopted probability distribu-
tion, which admits just the two equiprobable
states of ‘success’ and ‘failure’. As long as such
a correspondence can be determined a priori,
one can derive a matching probability of the
whole set with a very simple formula. In this
way, the level of confidence of the matching
increases with the cardinality of the set, and the
author concluded that at least 9 elements were
needed to reach a 95% confidence level, and
14 elements for the 3oc (99.7% confidence)
level. The weak point of this approach, in our
opinion, is that the author does not give a cri-
terion for establishing the success or the failure
of a correspondence. In particular, it does not
provide a way to give a quantitative measure of
the correspondence. Therefore, each investiga-
tor might make a different evaluation of an al-
leged correspondence. Moreover, the advan-
tage of the method, namely that it only depends
on the number of objects, is also its drawback,
because itis intuitive to understand that a ‘good’
matching is less probable than a ‘fair’ matching,
whichinturnis less probable than a ‘bad’ match-
ing. So the matching probability, in principle,
should depend also on the goodness of the
matching, and therefore a result that also takes
into account this factor might very well differ sig-
nificantly from the one based purely on the car-
dinality. In conclusion, this method seems use-
ful to get a first rough evaluation of the matching
probability. It can reasonably exclude some
cases, and it can give an approximate idea of
the amount of work needed to have a reliable
result in other cases.

One of the present authors introduced for
the first time the use of standard coordinates in
this problem (Cora et al., 2018). He found the
best match between the two sets of points by
means of a transformation derived from the
astronomical use of plate coordinates, while
Mulas and Sanna (2014 in Italian, or 2023 in
English), in a work aimed at establishing the
matching probability with the Pleiades, matched
the two sets using a slightly different method.
They set up a common reference system by
imposing the matching between a pair of ob-
jects with the pair of corresponding stars. That
gave a reference direction and a normalized
unit of measure, to which the positions of all the
remaining stars and objects could be referred.
The matching pair was chosen to be the one,
among all the combinations, that minimized the
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distances between the other stars and the cor-
responding objects. This procedure, of course,
is not completely equivalent to a least-squares
fit, but in practice it gives similar results.

Afterwards, both authors exploited a similar
idea to compute the matching probability, which
is based on a sort of ‘darts and targets’ model.
Without providing too much detail, the artifacts
are like ‘darts’ aiming at the ‘target’ stars placed
on a dartboard. The probability that a single dart
i reaches a distance d; from one target is the
ratio P; = d?/R? between the area of the circle
of radius d; and that of the dartboard, which is
assumed to be a circle of radius R. Since all d;
are considered independent events, the match-
ing probability for n objects at their specific
distances results in

Pot = [1i=1 P (7
in the approach of Cora, and
Pt = (IT2, P)m! 8)

in the work of Mulas and Sanna, where m =
n — 2. It is beyond the scope of this paper to
explain the reason for the difference between
these two formulas; the reason they are report-
ed here is to stress that in both approaches the
matching probability is the result of a product of
single probabilities, a fact that we will use later
in this paper.

In fact, such a procedure for estimating the
matching probability, shows a number of short-
comings.

First of all, the simple formula P, = d?/R? is
based on the ratio between two circles, thus im-
plying that the ‘dartboard’ region has a circular
shape. Although one can figure out a way out of
this issue in the case of different shapes, this
type of formula is valid only if the circle of radius
di is entirely contained into the area of the dart-
board. Again, one can try to figure out a way to
consider the case in which the small circle has
just a partial intersection with this area, but the
most general case would depend on the exact
shape of the dartboard, which in many cases
has a great deal of arbitrariness. For example,
in the case of the three pyramids of Giza it
would surely be hard to agree on a well-defined
shape and size that they could have been dis-
tributed across. And even if the claimed repre-
sentation is on a well-defined artifact, say a
stone disk of a given shape and size, it could
well have been different when it was made. We
could continue along this line of reasoning, but
this is more than sufficient to understand that
this estimation strongly depends on the choice
of the area where we decide to put the targets,
which might easily be arbitrary.

Moreover, it is worth stressing again what
we mentioned in Section 3.1, namely that the
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shape of a figure is determined by the angles
between the sides of the figure, rather than by
its size. In other words, any set of points can be
decomposed into a set of triangles, and a shape
matching can always be reduced to a relation of
similarity between the corresponding triangles.
Two triangles are similar if all their angles are
equal, which does not depend on the size of the
triangle, soone may wonder whether the match-
ing probability should instead be completely in-
dependent of R. This issue, however, is worth a
more in-depth investigation.

| fact, let us suppose that we have just one
target point (n = 1) at the center of the dart-
board, and that we launch a dart at random; in
this case, the probability of reaching a certain
distance d; from the target point is precisely P; =
d?/R?. As already observed above, if the target
is not at the very center of the board this def-
inition already seems less safe, but we will not
investigate this point further. Rather, we prefer
to consider the case of a random launch on a
board with n > 1 target points. In this case, we
need to find the target point that is nearest to
the launched dart.

Indeed, the problem of finding the distance
of the nearest neighbor in a randomly placed
distribution of N points is well studied. It is
relevant also in astrophysics (Chandrasekhar,
1943), and was investigated by van Wamelen
et al. (2004) for the 2-dimensional case. With-
outentering into the mathematical details, which
can be found in the cited works, it is intuitive to
understand that, with respect to the case of the
single target, it will be much easier to reach the
same distance d; from any of the n points, be-
cause of the increased density of targets over
the same area. In statistical jargon, the expec-
tation value of d;, namely ‘the average distance
of the nearest neighbor’, becomes smaller for a
larger n.

In other words, the typical distance d; from
a target point decreases when the density of
these points increases, and therefore the value
of P; decreases as well. It can be shown that
now it is possible to make such a value inde-
pendent of the area of the board, but this can
hardly be considered a success. In fact, in our
interpretation, P; should be a probability, which
however has the odd characteristics of being
smaller (i.e. more unlikely) when actually, as we
have just noticed, it is easier (i.e. more likely) to
obtain smaller values.

This difficulty propagates to the value of the
matching probability. Indeed, keeping our rea-
soningat an intuitive level, we are reminded that
the matching probability P, regardless of the
method we consider, is the product of many P;s,
each of which is less than unity. If with many
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target points we have to expect, on average,
smaller P;s for any launch, it is easy to under-
stand that we have to expect an even smaller
Pyt- What we interpret as the matching proba-
bility, therefore, is affected by the same conun-
drum of the single P;: it is apparently easier to
obtain smaller values of P, with more points,
when one should expect exactly the opposite.

Once again, it is possible to find a possible
way out of this other difficulty by using a defin-
ition of P; that takes into account the expecta-
tion value of the nearest neighbor, but this mod-
ified definition will take back the dependence on
the area. With all these issues, we believe that
continuing to search for a correct definition of
the matching probability along these lines is not
worth the effort, and that the problems we have
highlighted are intrinsic to this general definit-
ion.

The above considerations, instead, suggest
that it might be more convenient to adopt a dif-
ferent approach that interprets Equation (7) and
the like as an event, rather than an actual prob-
ability, an approach that we will explain in the
next section.

3.4 Monte Carlo Estimation of the Matching
Probability

We have already thoroughly stressed the prob-
lem of having a probability that depends on the
area chosen to represent the domain of pos-
sible events, while a similarity between two
shapes should be independent of this para-
meter. We can (apparently) get rid of this de-
pendence (at least for a circular surface) by
considering the statistical expectation value of
the nearest-neighbor distance, but this opera-
tion creates more problems than it solves. In
particular, it highlights the fact that the resulting
expectation value of P for a random ‘launch’
of n ‘darts’ can easily become very small just by
increasing the number of points to be matched.

Finding a result that is at odds with the be-
havior of a probability, given the above consid-
erations, should not be a surprise. To the con-
trary, this is a clear indication that P,,; cannot be
interpreted as a probability. Indeed, an expecta-
tion value should not be mistaken for a proba-
bility; the probability is the chance that a certain
event can occur, while an expectation value is
the most probable event among all the possible
ones. We stress again that our goal is to find
the probability of a specific matching against
the null hypothesis of a ‘random launch’. Thus,
we have to find a way to compare the P, of our
actual matching against the expectation value
of the n points of the asterism.

For example, let us say that for a 10-point
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asterism, we obtained Py = 1071° with the
method of Mulas and Sanna. If we interpreted
this value as a probability one should be tempt-
ed to conclude that such a small value is a
strong indication against an accidental match-
ing, but an approximate estimation of the ex-
pectation value of the distance of the nearest
neighbor with n targets yields a corresponding
expectation value of (P;,)~1/4(n+ 1) = 1/44.
This is, on average, what we should obtain for
each of the 10 P; s, therefore an accidental
matching would give, on average, a value of
(Pot) = (1/44)8-8! =~ 3-107?, which is not so
different. Even worse, just imagine that Py =
107¢. Even in this case, without knowing the
expectation value for our case, such a small
probability would be in favor of an intentional
matching, but we know instead that this match-
ing result is much worse than one should ex-
pect from a random case. Should one conclude,
then, that this is a case of intentional mismatch?

The answer is obviously that we cannot
know. Rather, this comparison apparently tells
us two things:

(1) That the first matching is better than the
second one;

(2) That (with respect to our rough estimations)
the first matching is better than the one ex-
pected on average by a random attempt,
and the second one is worse.

It is worth stressing that these conclusions
are naturally implied by the use of a least-
squares approach to find the best possible
matching. The least-squares fit, in fact, entails
the above cited criterion that the best matching
is identified by the smallest sum of the squared
residuals Sgq given by Equation (6). Therefore,
it also means that a random ‘launch’ with sum
Ssq Is better or equal than the one of the artifact

Ssq if and only if S5 < Sgq.

Such an interpretation, forced by the least-
squares fit, implies that the function Sg, can be
naturally interpreted as an event in the axiomat-
icapproachto probability (Kolmogorov, 1950). In
this context, an event is an element of a set E
that contains all possible outcomes of a pro-
cess; each event is associated with a probabil-
ity, a number between 0 and 1, and all the prob-
abilities must sum to 1. This last property ex-
presses the concept that the set E contains all
possible events, so we are certain that any
possible outcome of our process is contained in
E. For example, the launch of a fair 6-faced die
has a set of 6 possible outcomes. The proba-
bility of a specific face (event) is 1/6 because it
is a fair die, and it is obtained as the ratio be-
tween the number of ‘favorable’ events and the
number of all possible events. In this example,
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the elements of E are represented by integer
numbers, but we can imagine a process in
which the events are represented by real num-
bers.

This is the case of our launch-based model,
in which each launch is associated with an S.
Inmathematical jargon, this quantity is a ‘contin-
uous random variable’, and favourable events
can be unambiguously defined as those for
which Sgq < §Sq, according to the ‘smaller is bet-
ter’ criterion stemming from the least-squares fit.
For this reason, it is reasonable to dub the ran-
dom variable Sg, as ‘matching goodness’, with
the agreement that a ‘0.1’ goodness is better
than a ‘0.2’ goodness. If we wish to know the
probability of having a given matching goodness
5Sq, we can simply imagine doing a large num-
ber N of launches, and counting the number of
favourable events N for which Ssq < §Sq. The
probability, by definition, is the ratio N/N. This
process is known as the ‘Monte Carlo method'.

3.4.1 On the Operational Definition of the

Random Variable

In our model the random variable is a real num-
ber that measures the matching goodness of an
event, namely the proximity of the outcome of a
launch to a set of stars identified with their an-
gular coordinates on the sky. It has to be stress-
sed that the way adopted to define such a num-
beris somewhatarbitrary. The natural choice, as
anticipated above, is clearly the quantity S,
but any quantity that meets the ‘smaller is bet-
ter’ criterion implied by the least-squares ap-
proach is appropriate for our needs.

For example, another valid random variable
alternative to Sgq is clearly S = +,/Syq, or even

Sm = —[Ssq, if we agree to consider the inverse
ordering of the events and to count as favorable
those for which S,,, = §,,. The actual choice is
not important if we limit ourselves to the match-
ing probability estimation with the simple Monte
Carlo procedure.

One choice that is not valid is anything that
comes from the definition of P, namely either
from Equations (7) or (8). The reason, simply,
is that P is based on a product of residuals,
rather than a sum, and the product does not
necessarily preserve the ordering of the events
established by Sg,. This property is essential
to guaranteeing the correct computation of the
matching probability with the Monte Carlo ap-
proach, and it is implicitly established by using
the least-squares algorithm used to find the
best superposition.

3.4.2 Estimation of the Matching Probability

with the Monte Carlo Method
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The Monte Carlo method is based on the pos-
sibility of having an operational definition of a
‘pure chance event’ for its extractions, namely
our ‘launches’. We define it as a random set
generated by placing n objects (points) in a
circle of radius 1 centered at the origin of the
reference system of the standard coordinates
described in Section 3.1. All objects in the set
are placed independently of each other, and
any location in the circle has the same proba-
bility of being selected; in mathematical jargon,
the extraction of any point follows a uniform
probability distribution within the area of the
circle.

With this definition in mind, we can summar-
ize the Monte Carlo procedure with the follow-
ing steps:

(1) We run a Monte Carlo test that produces a
large number N of random sets of n points,
as described above.

Each set is matched with the asterism un-
der investigation as described in Section
3.2, thus producing a sample of by-chance
(random) events e;, i =1,..,N, and the
corresponding values x; of their random
variables. Such a variable can be either S,
S, or any other formula that preserves the
ordering of the matching goodness implied
by the least-squares fit. It is important to
remember that the algorithm for the fit as-
sumes (see requirement 1 in Appendix 1)
that the points of the target set and those of
the random set are already ordered by cor-
respondence. In a random extraction, obvi-
ously, we cannot take this requirement for
granted, so we need to order the random
set in advance. We take the order that
gives the minimum value of x among all
possible correspondences because we are
searching for the best matching, and by
definition this is the one that gives the smal-
lest value of the residuals between the tar-
get and the reconstructed points, that is the
ordering that produces the minimum x.
These extractions will produce a sample of
values of the random variable in the range
X = [Xmin, Xmax]-

The matching goodness % of the artifacts
and the asterism is evaluated in the same
way as for the random events, under the
condition that xpi, < % < Xmax-

Finally, we estimate the matching probabil-
ity by computing the ratio

P(%) =%

2)

®3)

(4)

9)
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between the number N of favorable events,
namely those for which x; < ¥, and the total
number of extractions. An alternative way of
computing the matching probability, which
makes use of the so-called probability density
function (PDF) estimated by a technique called
Kernel Density Estimation (KDE, see e.g. Par-
zen, 1962 or Rosenblatt, 1956), is also included
in the code that we implemented.

Finally, it is worth stressing that P(%) has to
be interpreted as the probability that one by-
chance extraction gives a matching with the
asterism as good as X or better. We return later
to the importance of this detail.

3.5 Estimation of the Accuracy of the

Matching Probabilit

The matching probability P is computed from
two different quantities, the distribution of the
matching goodness ofthe random launches with
the asterism, and the estimation of the match-
ing goodness of the actual artifact, Xx. There-
fore, the accuracy of P depends on both of these
guantities.

In principle, one can perform an infinite num-
ber of launches. In the language of statistics
they are called the population of the events, and
we will indicate it with X. The entire population
reproduces accurately the distribution of the
matching goodness, and therefore it can give
the true value Py (%) of the probability for %.
However, we can perform only a finite number
of launches, namely, we consider a sample X of
the entire population. This will give an approx-
imate representation of the distribution, and
thus an approximate estimation of Py (%), that
we name Py (%), and it is intuitive to understand
thatthe larger the number of launches, the more
accurate the approximation is.

Leaving the mathematical details to Appen-
dix 3, it can be shown that, in our case where
Py(X) « 1, the accuracy of this approximated
value attained by a Monte Carlo run with N
launches is

JR

Opy(®) =

(10)

Another standard way to estimate the ac-
curacy of a Monte Carlo run consists of repeat-
ing a sufficient number of times M, a Monte
Carlo simulation with n < N launches. Each of

the M simulations gives an estimation Pi("),i =
1, ..., M of the probability P, (%) for a sample of
size n, and a more accurate estimation of the
true probability and its accuracy can be com-
puted with Equations (C.5) and (C.6) reported
in Appendix 3.

The processis repeated for several increas-
ing values of n, so that the estimation of the true
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probability eventually converges to a constant
value, while that of the accuracy decreases fol-
lowing the law o, = kv/n. We then fit the pairs
(n,0,m) to estimate the parameter k, and fin-
ally the accuracy for N is obtained by extra-
polating the fitton = N.

Both methods should give similar results for
reasonably large values of M, n, and N, e.g. as
long as we observe the known ‘rule of thumb’
for which the sample size should be n > 30.

It is worth noting that these methods give
an a posteriori estimation of the accuracy of
Py (X). However, the Monte Carlo simulation can
easily be long and computationally demanding,
so it would be convenient to have an a priori
estimation of the number of Monte Carlo iter-
ations needed to attain a specific accuracy.
Many such methods can be found in the liter-
ature (see, e.g. Newcombe, 1998; Wald, 1943;
Wallis, 2021 and references therein), but the
need to use them, and determine which is the
best choice, has to be evaluated on a case-by-
case basis.

Although this solves the problem of com-
puting the accuracy of the distribution, it has to
be recalled that the matching goodness x of the
artifact is computed via least-squares match-
ing between the set of (standard) coordinates of
the artifact itself (¢;,n;) and that of the asterism
(f_l-, ﬁi). However, all these quantities are affect-
ed by their own measurement errors, therefore
in principle the corresponding error gz should
be taken into account, as a different value of %
will obviously affect the estimation of Py (%).

A straightforward way to tackle the problem
is to compute the variances g, and g3, and the
covariance ¢, of the matching problem of
Equation (5) and to get o; by propagating these
errors in Equation (6), or whichever function we
have decided to adopt to define the matching
goodness. The effect of g; on the estimation of
Py (X), finally, can be evaluated by direct cal-
culation of its confidence interval [Py (X —
az), Py (X + 0;)], where we simply have to count
the number of favorable events for ¥ — oz and
X + 0. The detailed formulas to implement the
calculation of g¢, again, are reported in Appen-
dix 3.

This, however, does not fully solve the ar-
chaeoastronomical problem, because we also
must consider such a similarity in a more gen-
eral case, as we are going to explain better in
Section 5.

4 THEPYRAMIDS OF GIZA: A CASE STUDY

Before proceeding with the discussion, we will
now show the results of the proposed method
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Table 1: Input data for the Giza pyramids study case. As explained in the main text, the accuracy of the stellar
coordinates in 2550 BCE is ~10~2 deg, thus much better than the precision, because of the error propagating in
the precession and proper motion estimations.

Star (%) Star in 2550 BCE (°) Pyramids (°)

Name a § a § Name A [}
Mintaka 83.283667 | —0.285056 | 27.210042 | —14.525222 Khufu 29.9791667 31.1341667
Alnilam 84.333583 | —1.190167 | 28.553042 | —15.007139 Khafre 29.9761111 31.1308333
Alnitak 85.468417 | —0.285056 | 29.923917 | —-15.304028 Menkaure 29.9725000 31.1283333

Onginal Giza Pyramids - Standard Coordinates
Fit results Onon Bet ve. Giza Pyva »0DOO13+24x10
e e
:
5 35, e

f le-t

Figure 2: Results of the least-squares fit of the Giza p

yramids onto the stars in Orion’s Belt. The right panel shows

the original positions of the pyramids, magnified to ease the comparison with the transformed objects, while the left

panel contains the fit results. The red circles around
targets and the fitted points.

in the famous case of the above-mentioned
Giza pyramids. This has to be considered as a
study case, chosen because it uses just three
objects, sothatthe Monte Carlo computation can
be completed very quickly. Moreover, the scien-
tific community generally agrees that their simil-
arity with Orion’s Belt is not intentional (Krupp,
2015), so this will be useful to gauge the results
of the method for practical purposes.

Table 1 shows the input data used for the
problem, namely the present coordinates of the
stars in Orion’s Belt, those at the approximate
time of construction of the Giza Pyramids, and
the corresponding coordinates of the three py-
ramids. For the reader’s convenience, the cor-
responding objects are listed on the same row.
As mentioned above, however, the software
was ‘blind’ to this correspondence, which came
out automatically as the configuration giving the
best match. The large difference between the
two sets of stellar coordinates is obviously due
to precession, but we moved the stars to that
epochin order to take into account the changes
in the relative positions of the three stars caus-
ed by their proper motions. We used Cartes du
Ciel/SkyChart 4.2.1 (Chevalley, 2019, hereafter
CDC) to evaluate the past coordinates of the

the stars are placed to highlight the distance between the

stars in 2550 BCE. According to the document-
ation of this software, CDC uses the Extended
Hipparcos Compilation (Anderson and Francis,
2012) as default catalog, and the algorithm of
Vondrak et al. (2011) for the computation of the
precession. These features ensure an accuracy
of the order of a few arcseconds throughout the
historical period, which is more than adequate
for our purposes. Moreover, CDC turned out to
be the most accurate program for archaeoas-
tronomical applications in an extended compar-
ison involving several free and commercial as-
tronomical software packages (De Lorenzis and
Orofino, 2018).

We set up a Python code to process the
data and run the Monte Carlo computations.
First, the co-ordinates of the Pyramids and
those of the stars dated back to 2550 BCE were
converted into standard coordinates using
Equations (1) and (2), then the former were
fitted to the latter by solving the equation
system (5). The matching goodness was then
computed from Equation (6), which gavex =
1.3 x 1073 4+ 2.4 x 10718 (Figure 2).

As pointed out in the previous sections, the
matching probability comes from a Monte Carlo
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Figure 3: Results of the Monte Carlo run for the Giza Pyramids. The distribution of the matching goodness is fitted
with a KDE method using Gaussian kernels, which gives a numerical estimation of the PDF (green line). The
matching probability P(%) is estimated both as N/N and as the (numerical) integral of the PDF in the range [xmin, %]
The contribution of g; to the probability error is negligible, because of its small value. The blue cross identified the

point on the PDF with abscissa x.

run that constitutes the bulk of the workflow. In
this case we used 2 million launches, generated
as uniformly distributed triplets of points within
a circle of radius 1 and centered at (0,0). Their
coordinates were interpreted as standard co-
ordinates, and thus used to compute the match-
ing goodness of each triplet as made for the
Pyramids. The sample of N = 2 x 10° events
obtained in this way was finally used to estimate
both the PDF and the matching probability as
described in Section 3.4.2. For the PDF recon-
struction we used the Gaussian KDE method
implemented in the scipy.stats library, namely a
KDE algorithm that uses Gaussian kernels.

The probability computed using Equation
(9) is P = 0.009974, while that from the inte-
gration of the PDF results in P = 0.009467
(Figure 3), where for ease of notation we write
P for Py (X). As regards the accuracy of P, it is
evident that the contribution of oz = 2.4 x 10718
is negligible, while that of the Monte Carlo run
itself can be estimated from Equations (10) or
(C.4),andfor N = 2 x 10° iterations yields o, =
7.03x 1075 and op = 7.06 x 107> with the
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complete and the approximate versions of the
equation respectively. For the sake of complete-
ness, we also performed an estimation fol-
lowing the ‘Monte Carlo-plus-fit' procedure des-
cribed in Section 3.5 using M = 100 samples
with replacement for each size n, obtaining ¢, =
7 x 1075, The complete results of the ‘Monte
Carlo-plus-fit' procedure are shown in Figure 4,
and in Table 2.

The results of the ‘simple’ Monte Carlo and
ofthe ‘PDF-Monte Carlo’ runs show a difference
that, although small, is likely not compatible with
the estimated errors. However, as is well known,
the latter depends on the choice of the kernel
type and its bandwidth. Further experiments,
indeed, showed that the matching probability
estimated with PDF reconstruction varies at the
10~* level for different values of the bandwidth,
and the algorithms for estimating its optimal
value were quite computationally demanding.
Moreover, the results of the trivial ratio of
Equation (9) had the further advantage of being
independent of the specific choice of the ran-
dom variable, because it obviously gives the



A. Vecchiato, G. Bernardi and A. Cora

Point-Pattern Matching and Probability in Archaeoastronomy

0,007 4

(P and o as Function of the sample size n Fitting of oz~ from samplings of the Monte Cario population
) 3 o Fitted data
0.013 ) 2
20131 000301 4 K-n-12 fit
\
\
0.012 \
0.0025 1 \
\
0.011 §
i i oooznd N\ Extr. 042 x 10%) = 7.0 - 05
= & | |
L p.o10 ’ N T e B AEEEE— P °
o
e 0.0015 1
0.009
|
0.008 0.0010 >

10000 12500
n

7500 5000 750D

15000

17500 20000

7500 10000 12500 15000 175C0 20000

n

2500 5000

Figure 4: Results of the ‘Monte Carlo-plus-fit' procedure. The left panel shows the evolution of (Pl.(")) (Equation
(C.6)), with the error bars reporting the corresponding o ,m (Equation (C.7)). The right panel shows the fit of the

estimated errors with a k+/n law and its extrapolation to N = 2 x 10°.

Table 2: Results of the ‘Monte Carlo-plus-fit' estimation of Opy (®) compared with those obtained from Equations
(C.4) (fourth column) and (C.5) (last column). The last row shows the results for N = 2 x 108, in which the second

column does not give the value of (PL.(”)) for M = 100 samples but rather the result of the single full Monte Carlo
run, and o ,m is the extrapolation of the fitting from the previous rows.

n (pi(")) Opm ag, (1) ag, (2)
1000 0.010290 0.0030128 0.0031913 0.0032078
2000 0.009820 0.0021040 0.0022049 0.0022159
3000 0.010040 0.0019071 0.0018202 0.0018294
4000 0.009963 0.0017456 0.0015703 0.0015782
5000 0.010004 0.0015904 0.0014074 0.0014145
7500 0.010075 0.0010632 0.0011532 0.0011590
10000 0.010012 0.0010015 0.0009956 0.0010006
15000 0.009988 0.0007724 0.0008119 0.0008160
20000 0.009974 0.0006954 0.0007027 0.0007062

2x10° 0.009974 0.0000700 0.0000703 0.0000706

same results with x = Sgq or x = +,/S5,. With
the KDE algorithms, instead, a different random
variable influences the actual distribution of the
data, and thus the optimal kernel needed to fit
them and the estimation result.

Despite these small differences, this case
study gives with any of the adopted methods
the quiteimpressive probability P ~ 1% of aran-
dom matching between the pyramids of Giza
and the stars in Orion’s Belt. This seems to sug-
gest an intentional representation, contrary to
what is generally accepted by the scientific
community, and therefore it deserves a further
explanation.

‘COMPOUND’ PROBABILITY
The proposed method allows one to estimate
the probability that a given set of points can
match by chance an asterism in the sky. Such
a set of points, for the purposes of archaeoas-
tronomy, can be obtained in different ways, de-
pending on the types of artifacts under invest-
igation. In the case of structures with sizes up
to several tens or even hundreds of kilometers,
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in the sense discussed in Section 3.1, one can
conveniently use a procedure based on the
standard coordinates used in astrometry.

However, as briefly mentioned in Section 2,
the probability estimated in this way is not suf-
ficient to solve the original question of deter-
mining whether a seemingly apparent similarity
can be actually the result of an intentional deed
or rather just a matter of chance. To this end, in
fact, one must consider that often, in the field of
archaeoastronomy, the investigated artifact is
just one sample among the many potentially
available from a complete population of similar
objects. In such a case, it can be argued that it
isnotunlikelyto have a matching just by chance.
Moreover, the similarity with a specific asterism
might be a matter of chance also because there
are many stars in the sky, and a set of random-
ly placed points, in principle, has the chance of
reproducing the shape of any of the many com-
binations of an equal number of stars.

Inpractice, the matching probability describ-
ed in the previous sections is akin to that of a
single extraction when multiple ones are pos-
sible. In order to find the answer we are seeking
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we have to estimate how the matching prob-
ability changes when considering all possible
events that can generate a similar match. It is
worth stressing once more that this requires
considering not only the possibility of matching
a specific asterism with any reasonable com-
bination of artifacts from the complete popula-
tion, but also that the matching with that specific
asterism might be accidental.

This problem, as already mentioned in Cora
(2018) and in Mulas and Sanna (2023), is just a
standard problem of finding a compound proba-
bility. In general, in fact, the probability of a spe-
cific event is the probability that we can obtain
such an event in a single attempt, or with a
single ‘extraction’. But if we know that we have
many independent extractions available, then
the compound probability theorem applies,
which states that the probability of n, indepen-
dent events e;, with i = 1,...n,, each having a
probability P, is just P = [T\, P;.

In our case, we know the probability P (%)
that one extraction gives a matching goodness
x < % (we recall that, for our definition, ‘smaller
is better’) and we need to know the probability
that at least one among n, independent ex-
tractions gives such a matching. By definition,
the probability that a single extraction gives a
matching worse than % (x > %) is 1 — P, so, by
means of the compound probability theorem
(for independent events) the probability that all
n, extractions give a matching worse than x is
[T (1~ P) = (1= P)™.

Finally, requiring that at least one extraction
gives the desired matching means that the
previous event must be false, so its probability
is
Pcomp =1-(1—-P)" (11)
We thus need to estimate how many indepen-
dent extractions one can produce for the case
under investigation. Giving a reliable assess-
ment of this number, however, can easily be-
come a quite difficult task.

In general, n, =n, -n;, where ny is the
number of possible asterismsthat can be match-
ed with the artifacts, and n; are the number of
possible groups of n objects that can be formed
with all possible artifacts. As regards the latter,
a better explanation is needed, and we will re-
turn to this below.

It is easier, instead, to show the possible
difficulties encountered in the estimation of n,.
Indeed, one could choose a completely ‘blind’
criterion and say that any combination of n stars
among the total number n, visible with the un-
aided eye from a certain location on the Earth
is a valid candidate for the matching. This im-
mediately leads to
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n=(2) @)

Such a criterion easily produces huge num-
bers. For example, if we consider the case of
the three pyramids of Giza and take, say n, =
3000, then n, =~ 4.5-10°. In the case of the
Gothic cathedrals allegedly representing the
constellation of Virgo, n = 6 (for the main stars
only), and so ny =~ 108, while if we need to
match the seven main stars of the Pleiades,
thenn = 7 and n, ~ 4.3 -10%°.

The above choice can be easily criticized,
as it admits among the candidates also aster-
isms formed by stars extending over the whole
celestial sphere! This clearly absurd result, how-
ever, is not useless, as it stresses the need to
provide a better definition of ‘eligible candi-
dates’, which makes it easier to give more re-
liable numbers.

The key point of the problem is to ack-
nowledge that the question itself, namely whe-
ther a specific artifact is an intentional repre-
sentation of an asterism in the sky, would not
even arise were we not able to recognize a
familiar asterism among a set of points. At the
same time, if we can say that the asterism that
we are familiar with was not known to the pop-
ulation that made the artifact, one can surely
conclude that the similarity was due to pure
chance.

In summary, the asterism must be known to
the observer (either because it is part of ‘our’
sky or because the observer is familiar with the
sky of the ancient population that made the
artifact) and the asterism must belong to the set
of constellations created by that civilisation. If
the former condition is not met the question
simply does not exist in first place, and if the
latter condition is not met the matching can be
safely considered pure chance.

These considerations can considerably re-
duce the number of candidates, however, they
do not completely settle the issue about n,, for
a few reasons:

(1) Very often, we are not able to precisely
identify the constellations recognised by an
ancient civilisation.

Our way of grouping the stars could be par-
tially overlapping with ‘their’ way; as in the
previously cited example of the Egyptian
constellation that included stars from Orion
and Lepus.

The question could be posed also in the
case that the artifact reproduces just in part
a recognized asterism, as in the case of the
Giza pyramids.

()

®3)

We are thus unable to give a precise esti-
mation of n,, which moreover could vary case
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by case, but we can make some order-of-mag-
nitude considerations.

Our sky comprises about 90 asterisms, but
only 48 of the current 88 official constellations
were considered by the ancient Greeks who, in
turn, had largely adopted the Babylonian de-
nominations. This is just to show how the num-
ber of eligible asterisms naturally shrinks if we
go back in time, and it does not even consider
the case of other civilizations, like the Chinese,
or those of the other continents. In general, it is
reasonable to assume that the number of
eligible candidates reduces simply because of
our lack of knowledge about the sky of the
ancient civilisations, and as a matter of fact, we
are limited to a number of very well-known
cases, like the Pleiades, the Big Dipper and a
few others that we know, with certainty, were
widely recognized by practically all past civiliza-
tions.

On the other hand, the possibility of con-
sidering subsets of known objects can easily
increase the number of possibilities that might
be considered in the future because, for ex-
ample, someone will notice the similarity with a
specific subset that has never been noticed
before. It is difficult to give a precise estimation
in this sense, but it looks reasonable to set a
tentative range of about 10 < n, < 100, where
the upper limit coincides with that given by
Mulas and Sanna (2023). This is certainly an
improvement with respect to the many orders of
magnitude of uncertainty that we started with,
but such a range still leaves a broad margin of
uncertainty.

We easily find similar difficulties when we
try to estimate the number of groups n. that can
be eligible for the matching. As a first example,
let us consider once again the problem of the
Giza pyramids. There are more than 100 pyra-
midsin Egypt (Lehner, 2008); how many groups
of three pyramids would be sensible to consider
as eligible matching candidates? Similarly, in
the case of the number of asterism, it seems
reasonable to deny the possibility of choosing

any among the (120) = 161,700 possible com-

binations of three pyramids, but it is much
harder, if not impossible, to restrict our choice
to only a few selected groups of artifacts like we
did for the asterisms. So, an estimation of ng
would most probably give a very uncertain re-
sult.

The seminal work of Mulas and Sanna
(2014; 2023) can give an idea of the kind of
difficulty that prevents us from giving a general
criterion to find a reliable estimation of n;. In
this work, the authors claim that a particular
group of nuraghes (a kind of megalithic struc-
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ture erected in Sardinia, Italy, by an ancient
civilization between the second and first millen-
nium BCE) is an intentional representation of
the Pleiades, intended as an asterism formed
by 8 stars. In the same work it is reported that
about 8000 of such monuments are known on
this island, and the authors estimate n; ~
8000/8 = 1000 on the basis of the purposely
simple hypothesis that these monuments are
uniformly distributed. They acknowledge that
this is not exactly the case, but they also noted
that a different criterion, that considered ‘groups
of nuraghes’ as a given number of these monu-
ments relatively close to each other and well-
separated by others, would surely give a num-
ber smaller than 1000, so that their choice can
be regarded as a conservative one. Although it
is beyond the scope of this paper to further
discuss this criterion, it is worth stressing that
one might also choose a kind of ‘nearest neigh-
bours’ criterion to form n; < 8000 groups of 8
nuraghes by choosing, for each monument, its
7 nearest neighbors. This is another arbitrary
choice, and we do not claim that it is more rea-
sonable than the previous one in general.
Rather, we observe that such a choice cannot
be excluded a priori, and that even if it might not
be viable for the case of the nuraghes, it may
well be admissible in other cases.

Indeed, this criterion seems much more ac-
ceptable for representations with a small num-
ber of components, just like the pyramids of
Giza. So, if we blindly follow the original criter-
ion of Mulas and Sanna (2023) we obtain n; =~
30, while from the nearest neighbors criterion
we have n; < 100. The uncertainty is even larg-
erif we again accept the idea that the only mon-
uments relatively close to each other and well-
separated by others are eligible as groups. So
let us believe without any further investigation
that, as in the case of the nuraghes, this gives
a number smaller than 100/3. We put n; = 10
just to have 10 < n; < 100, namely the same
range for the number of asterisms. Table 3
shows that, for P = 0.009974, 0.63 S Feomp S 1.
In other words, even with the most restrictive
choice for n, and ng, the probability that the ap-
parently impressive similarity between the three
pyramids of Giza and the stars in Orion’s Belt is
a matter of chance is about 63%. Moreover, it
increases very quickly, going up to Fomp = 87%
for ny,c =10 and ng/, = 20 and so on, thus
confirming the widely accepted opinion of a
matching having occurred by chance.

Once again, however, dealing with an ac-
tual case of archaeological interest is beyond
our scope here, and indeed we chose this spe-
cific problem just to have an already reasonably
established result to test our method. Rather,
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Table 3. Peomp for the three Giza pyramids for different values of n, and ng in the ranges mentioned in the text.

g < 10 20 30 40 50 60 70 80 90 100
10 0.633 0.865 0.951 0.982 0.993 0.998 0.999 1.000 1.000 1.000
20 0.865 0.982 0.998 1.000 1.000 1.000 1.000 1.000 1.000 1.000
30 0.951 0.998 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
40 0.982 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
50 0.993 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
60 0.998 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
70 0.999 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
80 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
90 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
100 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

the main takeaway of this discussion is about
the difficulty of setting a reliable confidence in-
terval for ny, ng, and Pymp. Obviously, each
specific case is a story on its own, but in general
it is likely that a purely probabilistic approach
would not be able to provide alone an unques-
tionable answer. Rather, it seems more reason-
able to state that it can be one of the pieces of
evidence that can be provided, from among all
the other kinds needed to establish such a bold
hypothesis with a better confidence.

6 CONCLUDING REMARKS

In this work we recalled the role of archaeo-
astronomy as a tool that can support archaeo-
logical research by means of an astronomical
analysis of ancient artifacts, and at the same
time we highlighted how the lack of a reliable
statistical evaluation can undermine its results.
We considered in particular the case of the
alleged similarity between some archaeological
artifacts and a few relevant asterisms on the sky
that, according to some interpretations, are not
accidental, but rather the result of a deliberate
effort. We thus reviewed the attempts made by
Cora (2018), Gaspani, (2021) and Mulas and
Sanna (2023), to propose methods to decide if
such intentionality, based on a statistical pro-
cedure that can estimate the probability that a
specific matching between the asterism and the
artifacts is due to pure chance.

We recognized that the problem belongs to
the general class of the so-called PPM tech-
niques, and at the same time we discussed the
advantages and the difficulties of the proposed
methods. This discussion was used to propose
a different statistical procedure that determines
the best matching between an asterism and its
alleged on-ground representation by means of
a least-squares fit. The residuals of such a fit, in
other methods, are linked directly to the match-
ing probability, whereasin our analysis we point-
ed out that this interpretation is at odds with the
definition of probability. We thus proposed a
different approach in which the residuals are
used to define a measure of the similarity be-
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tweenthe asterism and the artifacts, that we dub-
bed ‘matching goodness’, while the probability
is obtained by a Monte Carlo run that repro-
duces the probability distribution of a random
extraction of points, and is thus able to compare
the actual matching goodness with that of the
random hypothesis. In this way, the probability
that a by-chance extraction gives a matching
goodness equal to or better than that of the arti-
fact can be estimated simply by the usual ratio
between the numbers of favorable and the total
extractions, or by an approximate integration of
the PDF. We then pointed out that the accuracy
of the probability depends on two separate fac-
tors, namely the accuracy of the Monte Carlo
simulation and that of the matching goodness
of the artifact ¥, and we showed how these can
be estimated by standard techniques.

Then, we tested this procedure by applying
it to the well-known case of the three pyramids
of Giza, because of their resemblance to the
stars in Orion’s Belt, and we found that the
matching probability is indeed quite small
(about 1%). This result is easily explained by
considering, as already pointed out in Cora et
al. (2018) and Mulas and Sanna (2023), that
this number represents the probability that a
single random extraction can give such a match-
ing goodness with one specific asterism. There-
fore, this probability does not take into account
that there are many asterisms on the sky that a
random extraction could match with, and that
one can usually have many artifacts of the
same kind that can be considered independent
extractions, each of which could reproduce the
target asterism. The correct formula for the
compound probability Poomp is therefore recall-
ed onthe hypothesis that each combination can
be interpreted as an independent extraction,
and its application to the Giza pyramids shows
that Poomp = 63% even in the most favorable
case, thus confirming the reliability of our pro-
cedure.

These final considerations led us to discuss
the potential usefulness ofthis or any other pure-
ly probabilistic method in the context of arch-
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aeoastronomical research. We conclude that it
is possible and relatively straightforward to
estimate the matching probability of a single ex-
traction P with matching goodness %. How-
ever, estimating the compound probability is a
much more difficult task because it depends on
the possibility of giving a precise estimation of
the number of asterisms that the artifact can
reproduce, and of the number of extractions that
can be realized with the complete population of
similar artifacts. In the case of the Giza pyra-
mids this problem, in our opinion, can be solved
within a reasonable degree of accuracy, in the
sense that it is possible to give a reasonable

lower limit to P, but it is not possible to give a
general answer, and each problem has to be
considered individually.

Anyway, the method rests on a solid theo-
retical background, and it can be used as an
additional tool in these kinds of problems, if
complemented by other evidence of a different
kind. Finally, it is worth adding that the Python
code we used to run the Monte Carlo will
eventually be made available on GitHub.
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9 APPENDIX 1: SHAPE DEFORMATIONS INDUCED BY STANDARD COORDINATES

An approximate idea of the deformations induced by the projection to standard coordinates, namely of
the differences Aa between the angles between the sides of the original figures and those of the
projected one, can be given by considering the so-called spherical excess E of a spherical triangle. We
know that the sum of the internal angles of a flat triangle is 180°. That of a spherical triangle, instead,
is larger, and the amount exceeding 180° is called spherical excess. The Gauss—Bonnet theorem states
that the spherical excess of a spherical triangle is equal to the solid angle Q, subtended by this figure,
and thus is proportional to the size of the figure. More precisely, if a;,i = 1,2,3 are the internal angles,
EEZiS=1ai_7T:QT::_§ (A.1)
where A; is the area of the spherical triangle and R the radius of the sphere. L'Huilier's theorem,
instead, gives E as function of the angular length of the sides, and in the case of an equilateral triangle
with side a

tan G) = [tan (3;) tan3 (%) (A.2)

In this case the difference Ag; between any «; and its flat counterpart is clearly E /3, and for small
spherical triangles a « 1 and E < 1, so a simple Taylor expansion gives

Aa =% \E (A3)

10 APPENDIX 2: MATHEMATICAL DESCRIPTION OF THE MATCHING METHOD

As explained in the main text, we have 2 sets with n 2D points each: S ={P; = (x;,y,),i =
1,...,n} (dubbed ‘representation’) and S = {P; = (x;,%;),i = 1, ...,n} (‘target’), and we want to find a
transformation that produces the best matching between S and S. We make three basic assumptions:

(8) The two lists are already ordered by correspondence points, i.e., the transformation sought must
bring the ith point of S onto the ith point of S.

(b) The points of the two sets belong to an intrinsically flat surface.

(c) The transformation between S and S must be conformal.

As is clear in the following, the first assumption allows solving the problem with standard least-
squares techniques.

The second assumption is simply a matter of having a simpler mathematical treatment, and in our
case, where the two sets of original points belong to two intrinsically curved surfaces (namely the
Celestial Sphere and the Earth Ellipsoid) such an assumption is guaranteed by their prior transformation
into standard coordinates by means of Equations (1) and (2). Mathematically, this translates into the
problem of finding a function depending on m parameters, T(-; {p;}),l = 1, ..., m, such that:

(1) P, =TP;{pD). S = {P;} can be called the ‘transformed representation’.
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(2) It minimizes the sum of the squares of the residuals between {P;} and {P;}, namely ¥, (% — %;)* +
(F; — ¥,)? is the smallest possible sum.
It is worth observing that minimizing the residuals as described in point 2, implies that also the sum
of the Euclidean distances d; = /(%; — x;)% + (J; — ¥,)? between the transformed representation and
the target are minimized by the transformation.

The third assumption implies, as explained in the main text, that T(:;-) is obtained at most by the
combination of:

1. A scale transformation with a unique scale factor s in common between the two axes

£)-<)

2. Arrotation R(#) of an angle 8 around the origin

(5)=2@ ()= (o wss) () ®2)
3. Atranslation t = (¢,,t,)
(;) -6 ; Z) (B.3)

4. A parity transformation that changes the sign of the two coordinates.

In this way, the resulting transformation is conformal, i.e., it does not change the angles between any
pair of sides of the figure that can be obtained by connecting the points of the sets.

As explained in the main text, here we neglect the parity transformation, therefore it can be shown
that the general transformation between (x, y) and (X, ) can be written as a set of two equations, linear
with respect to the 4 parameters a, b, ¢, d:

% —b
(;) - (chc + a; I Zl) (B.4)
where
(Z) =s-R(6) (B.5)

D=(2) (8.6)

Obviously, in general there exist infinite exact solutions of the equation system (B.4) for a single
pair of points P and P; for 2 points (four equations) we have at most one solution, and for more than 2
points there is no exact solution. In the latter case, a least-squares fitting of the equation system
provides the estimation of a set of parameters that satisfies the minimization criterion of point 2.

Moreover, the two sets are first transformed into standard coordinates, thus satisfying the
requirement to have a flat manifold, and the use of the barycenter of the two sets as the projection point
allows us to neglect the translation without introducing serious discrepancies.

With this expedient we assume ¢, = t,, = 0, and the equations of the transformation then reduce it

to
X =xscos@ —yssinf
{37 = xssin@ + ys cos 6 ®.7)

where, as in Equation (B.4), we can make the equations linear by putting a = scos8 and b = ssin 8. In
this way a set of n points P; = (x;,y;) produces the system of equations
X1 =xa—yb
1 =xb+ya
: : (B.8)
Xn = Xpad—Yb
Vo =2xpb+yna
which, as already pointed out, has to be solved in the least-squares sense. Such a system can be
written in matrix form as b = Ax, where b™ = (X, ¥, ..., X, ), X' = (a,b), and

X1 —N
1 X%
A=1 ¢ :
Xn ~Vn
Yn  Xn
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Obviously, we can recover the values of s and 6 from those of a and b by inverting Equation (B.5),
which gives

s =+va? + b? (B.9)
6 = tan"*(a/Va2 + b2,b/Va? + b?) (B.10)

11 APPENDIX 3: CALCULATION OF THE MONTE CARLO ACCURACY

The matching goodness of random launches, as mentioned in the main text, can be regarded as the
population X of a random variable x € R defined in the range Ax of the values admissible for X. It thus
admits a true value of the probability that x < ¥ for a specific value ¥ € Ax, which we indicate with Py (%).

A Monte Carlo simulation, by extracting a sample X, N elements from X, provides an approxi-

mation Py, (%) of the probability P, (%). The larger the number N of launches is, the more accurate the
representation is, namely

Py (%) = Jim Py, (%) (C.1)
It is well known that the Central Limit Theorem (CLT) can be used to estimate how accurately
Py, (X) estimates Py (%) (Devore, 2016). Indeed, the result of the actual Monte Carlo run is the outcome

of just one among the infinite possible samplings of size N of the total population, and by the CLT it can
be proved that

PXN(f) = Jz’N (C.2)

where yy is one extraction from a population Yy of a random variable ¥, whose distribution has mean
tg, = Px(X) and standard deviation (Oberle, 2015)

Py (®)(1-Px (%)
og, = D) (C.3)

Moreover, the CLT states also that the larger the value of N is, the better the distribution of Yy
approximates a normal distribution.

Therefore, as an element of the population Yy, yy = Py, (%) lies with 68% probability in the range
[Px (%) — o, Px(®) + 0g,]. This is equivalent to saying that the accuracy of yy = Py, (¥) as an
approximation of Py (%) is oy,

We cannot compute directly a3, because we have just one element of the population Yy, however,
if we make the approximation Py (X) = Py, (X), we can write from Equation (C.3)

Pxy(@(1-Pxy ()

Ory () = Oy = |~y (C4)
which, if Py (¥) « 1, and recalling Equation (9), becomes

Pxy@® _ VN
Opxy® = 0gy = XI,\\', =N (C.5)

thus giving the Eg. (10) estimation of the accuracy attained by the Monte Carlo run after N steps.

The other way to estimate the accuracy of a Monte Carlo run by performing M times a Monte Carlo
simulation with n < N iterations, is similarly justified by the CLT. This theorem, in fact, states that each
Pl.(”) belongs to an approximately normal distribution with mean ug, = Py (%) and standard deviation

given by Equation (C.4). The M Monte Carlo runs are thus a sampling of such a distribution for n
iterations, so we can estimate ug, and oy, by the actual average and standard deviation of the sample

Py (%) = pg, = (B™) = -3, P (C.6)

1 2 2
Tpxy @ = OFy = Opm) = LI (RM) = ((R™)) (C.7)

Finally, for the sake of completeness, we recall in more detail the standard way of computing the
accuracy of the least-squares estimation of X that contributes, together with that of the Monte Carlo
distribution, to the overall accuracy of the estimation of Py (X).

It is well known that the quantities a,, g,, and g,, of the matching problem of Equation (5)
represented in matrix form as b = Ax, are the elements of the normal matrix (ATA)_1 except for a factor
0, This factor, in the absence of an external characterization, can be estimated from the residuals r; =
(b; — b;) of the solution of the equation system as
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of =3 (b~ b)’ (C.8)

N-M
with N the number of equations of the system and M the number of estimated parameters. In our case
N = 2nand M = 2, thus, following the notation of Section 3.2,

a§ = 2(n1_1) L& - E—l)z + (@ — 7)? (C.9)
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