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FZ RN — KA TR
Wy — Wige + 3WW, = y(2WoWar + WiWasa), (1.1)

Jorp oy £ 0 R KT IR (11) MBS 2 LCHR [1].
# oy =1, M (1.1) %N Camassa-Holm (CH) 77 #£

Wy = Wige + 3WW, = 2W,Wap + WWaae. (1.2)

CH 7R MHE S #E v 2 WoCHR [4,12]. fE47E T Sobolev ZF[AIAI Besov 25 [AlH, Ji#E (1.2) HIfi2)R
AELER (2 WOCHR [18]). FEIA 75 ZAFMRE T, Xin Al Zhang P4 BT T 2 (1.2) BARTGAER
FAAENE. 1E Besov Z¥[H] M, Li 55 U7 sl 41 —ANRPBR I WIME R 51, 79T T 0F% (1.2) MRS IE s Li
DS EI T 52 (1.2) MR dE— BUE MM T HIME R (A2 03CHR [15]). Camassa A1 Holm 4 &
PR (1.2) 25E4 AU H B A X Hamilton 4544 (2 WL3CHR [5,12,22,25]). Constantin 1 Strauss ¥l
WER 772 (1.2) MISRUIEIN T AR B A BUE RS E 1. FEWIME W 775 2R AF I RE T, A RTTHE (1.2) Bk
SEARFRIAALETE S WOCHR [6]. Lai A1 Wu M BIFST T §5HERL CH J7 12 /53 F5 5 M 1A 3 2 M 2 55 B A7 AE V.

FE5|H#&N: Zhou C T, Lai S Y. The wave breaking criteria for a rod equation (in Chinese). Sci Sin Math, 2026, 56: 939-948,
doi: 10.1360/SSM-2024-0321
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KWMEREATE PRSI, CH RIS P2 R R (wave breaking) M5 (5 WCHR [6,7,21,23]). 5
CH J7 F2AH Q1) — L8R 72 TAF, w2 DLSCHR [11,13,19,20].

My < 1 B, Dai A1 Huo 19 KILFFE (1.1) BAFHEINE. 7E Sobolev ZE [, Zhou 26 f§i
Kato EHIE T 7 (1.1) MRARFEE . Zhou P 152 T 7 (1.1) FIHAREANE R A MR 018 2%
fF, JEFRAS T O7FE (1.1) MR BER 2. Rl ZEIREIAIETE T, Zhou 7 25t T Hms vtk U, BB HIME
Wo € H*(R) Hi#i /& mo = inf,er Wos(z) < 0

33—

2
“2y Woll () v <0,
6—v— /12y — 342

m2 > il = T 1 Woll2 gy, 0<7<3, (1.3)
y—3 2
oy Woll7 () v >3,

TT5HE (1.1) BIRRESAEAR PRI R] A A 2R 9% BRI 4. Brandolese M 9 AR IM 772 (1.1) 46 7 —4
BT H RV R R e AR HE I (local-in-space JEBEHEND) D, BIG0 R 4518,
FIE 1.1 B 1<y<4, Wy e HY(R), s> 2. FAFIE— 1L 20 Wi/

Wit < —(— 5+ 2 /2 =) Wt (1.4
W FFE (1.1) AR 10 BRI IR) Y 2 A2 0 O 4 TR 52

7E RS R, Brandolese Al Cortez B! 385 1 /7% (1.1) B0 s AR B AR . 75 4 V2,
(L4) BTFE (1.1) W R30S B a2 1. S5 b, 264 (1.4) AR DRAE KA 1 FHUEFA S 56
AR, (1.3) ¥ mo = infer Wou ().

M1y <4 R, B LA TAFARE (1.1) 1R E AR E0 A BORB A U), RD G SR e B 1.0 (O
WA 2, WITHE (1.1) MRS RKAEBMBRMER. 10 <y <1 My >4 0, BFEFZEH—BH
FOTFE (1.1) AL ERBEN]. STk, 32 30Hk [2,3) TR TR B K, @it 8 Lyapunov BR%L,
M0<y <1 My >4 B, ASCHEE T (1.1) /228 R L BsEN. 532k [1,27) Hrgh R,
ARSI RIHT .

(i) Brandolese!!! i )% Lyapunov BRI T 772 (1.1) RIS, A SCHIIE 1) Lyapunov
BRE S Z AR AN ) (WL (3.5) AT (3.17)).

(ii) Brandolese !l [R#| T 1 <y <4 (BWEM 1.1), {0 <~y <1 Fl vy >4 I, KA HTFE (1.1)
(RIRRAN %, BIARST ~ B HUE VG AN

(ifi) AR 3L (AR HE ) U B A AR (¥ 5 30E BN SR 3 s I UL, LA RCWIME ) HY a0 (X
e fEid, HASER S URAE). Zhou 270 Frgh AR (1.1) HYRBAEIN & mo = infaer Wo (z), A3CHI
PRIENIANYE K mo = infyer Wou(2).

KR THAEMEIT. 8 2 WEBUFE (1.1) JRESEI0E et 7 sHEdma vk, 43
TR (1.1) MIMRTEL R _ERIEBIHEN].

1) JaiHB A IR AR U 3 AT AT ) S B R IR, R 2% A (5 BRI AEL 1 5 AR 5.
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2 FR&FIR
Jite (1.1) RIRIE

Wi — Wige + 3WW, = y2W Wow + WWosa),
W(0,z) = Wy(z).

12 Green B3I q(z) = Le~lel, WX FAERMEEL f(z) € LP(R), 4 g+ fx) = (1 — 02

1< p<oo, x ZoRBRL BHWHET 102~ fER T (2.1),

2

3
{Wt FAWW, = —0,q + ( Twe 4 ;W§>

5138 2.1 027 % Wy € H(R), s > 2, WAFLERTE] T = T(|Wo | a=) > 0 EFF I (2.2) F77EME

—f#
W e C([0,T); H¥(R)) N C*([0,T); H~'(R)),

H W EE3KgTHME Wo ().

SIPE 2.1 BB 7R (2.2) RIFRMRRIAAAERE—VE. 3 ToREG TN HY(R) ~PIEAANA L.

513 2.2027 | W, e HY(R), s > 3. ik W 2R % (2.2) HfiE, N

S

Wl = Wollmr,  [[WllL~ < 7

Wollm-

WA T REMR K i RAFAERS[8] T RATBR AN, FLRAS B GRFFAT S ARG T 25 1] AR B )

—krefoE TS - T W), B

sup [|W(t, ) < o0, lim sup 9, (¢, )]l = o0
t€[0,T) t—=T

WRRIZ A 2 J7 RE Rl W BATBIBERELR (S IR [6]).

5138 2.3027 W Wy € H¥(R), s > 3. & T RRSG (2.2) IR RAFLER E], 1)

lim [[W (¢, )l o) = oo,
LAY 2
liminf inf {|7W, (¢, )|} = oc.

BNR, BT IR

dt

d
—p(t,z) =YW (t, p(t,z)), (t,x) e RT xR, >0,
v(0,2) =z, x €R.

(2.3)

5138 2.4 % W, € H¥(R), s > 3, Wi @ (2.3) REME—fE ¢ € C1([0,T) x R). 1k4h, £

[0,T) xR, oft, ) £ R LML @ (t,2) > 0 FIHRIEH [FIJL.
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3 % R _ERYERUEN

KR ITRE (1.1) FELR E R e .
EIE 3.1 W Wy e HR), s> 3,0<vy< L fRRAFIE 1 2o € RIHLE

Wi (o) < —\/S‘Tﬁvvo(xon - ?
o \/”38‘”) (,/3;” - 1)||Wo||H1,

R (2.2) FRfE W AR BRI ) A AR IR BLR B T i 2

y
|

L W) — B0 W (a) + E
2F _ ’
VEW (o) — B0 WE (o) - E

WERH FEUTRE (2.2) P, XARE o SRS E

3 3
Wie + /W Wy = T”W2 - %Wf . (QVW2 + gwg)

N (2.3), (3.3) FI51H 2.4, 155

AW (t, o(t, )

gt = [Wm + ’)/Wsz](tv Lp(ta J)))

3— 3 —
- [VWQ - %Wﬁ . (27W2 + ;Wgﬂ (t, o(t, 7).

2
CHR [2,3]) A K, FIEMTTR Lyapunov BRI

Ui(t,z) = (— gwx 4 WW) (t,o(t, 7)),

Vilt,z) = (—VWx— 18-

5 1 W> (t, o(t, x)).

SHER z € R, ¢ i 2
q=9+ +q—, gz =9q- —4q+,
Hr

e*I

T +00
0 f@) =5 [ rwidn o f@ =5 [ i
B, WER § e R, A

q+B0,g=01+B)g-+1—B)a4, q—PBOqg=(1—-pB)g-+ (1+ B)gy.

ffH (2.2), (3.4) A1 (3.5), (THES H

d 3—
ZUi(t ) = ult - ’Y)(WtJr’yWWI)f%(Wer’yWWm)
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+<;q— 7(34_7)%)*(3 S Ty W2>

o e (- () o

3 _
Vit ) = — %(Wt FAWW,) — %(Wm AW Was)

Y lClnke) {amq * (3 S+ gwﬁﬂ

Al

4

3=z Y2 3=Yi2 | Y2
-7 w2 - Iw2 g (2w 4
2{ 2 2 e T 1* T HTME

3 — 2 3 — 3 —
_ - 7)W2+7W§+<gq+ ( - %)*( 7W2+gwg>

—U1V1+;[(1W)q++(1+ﬁ)q_] (3 S Owrq W2) (3.7)

BO<y<IW, A1 /32 <0, 14,/ >0/ 352> 7 >0 ] Young AEEXMGH 2.2,
GIEG

3 — 1(3— 3 — 3 —
qe o (W24 W2 | < S|SR4 2w < S W R = Wl (3.9)
2 2 2| 2 27, 4
i (3.6)-(3.8) HEFH
Wit2) o gvae) = 2C =D (B2 ) iwol2n = it 2) — B2,
dt 8 v (3.9)

d x - —
WD > vt - B2 (1) ol = vavateo) - B2,
H E WL (3.2).

SESLUL() = Ur(t, wo) A VA(E) = Va(t, o). FHMESKME (3.1) ST

U1(0)>E>0 A Vi(0)>E>0. (3.10)

i/ (3.9) A1 (3.10) 1531
U1 (0)V4(0) > E2,
U1 (0) > U1(0)V1(0) — E* > 0,
V{(0) = U1 (0)V4(0) — E? > 0.
Bz T KA

Ui(t) >0, V/(t)>0, tel0,T). (3.11)
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A (3.11) AL, MIAFAERTIE] ¢4 € [0,T) {45

t; =min{t € [0,T) | Uj(t) = 0 B¢ V] (t) = 0}. (3.12)
ARt #0. flEH (3.9) Fil (3.12) 133

0=Ui(t1) > Ui(t))Va(th) — E® B 0=V{(t1) > Ur(t1)Va(t1) — EZ,
XERE
Ur(t)Va(t) < E2. (3.13)
Bl UL (t) A1 Va(t) £E ¢ € [0,t,] LRI, e
Ui(t1) > U1(0) > E>0 M Vi(t1) = Vi(0) > E > 0,

IR E] Uy (6)Vi(ty) > E?, X5 (3.13) FJE. B, (3.11) XFAEEM ¢ € [0,T) A7, H (3.9)-(3.11)
HLUL(L), Vi(t) AT UL V() #RER TR ¢ € [0,T) FiEifiE.

W f(t) =UVa(t). B (3.9) FHit&E f(t) RTAEt NS A
_ Ui + vV (UVy — E?)(Uy + V1)

d 2 _ 2 2
BARSR (3.14) 73 .

f(0) + E = (f(0) — E)e?Ft

RS ¢ o I fGEE WA

—%Ww(t,w(t,xo)) - w

B AW, (t, o(t, o)) — —oco. HIGIFE 2.2 Al 2.3 &1, )8 (2.2) (RfFE W £E4G BRI T8] A 2 A2 30 O 4 L 52
H T ie

> f(t) = +oo,

LW ) - W (o) + B

Tk
VEW(0)? — CAWe(20) - E
ZULSERR T 2 H 3.1 HIERA. O
EIE 3.2 WWoeH(R),s>3 %Hle>0 WR >4 BRAE R 20 € RIFHL
2G
Wé(a?o) < —€|W0($0)| — 7, (315)
/\E':‘

G:\/12—|—e X max (’7(34_7)

L (2.2) FOfE W AR BRI ) A AR S ISR BLR B T i 2

72
el (3.16)

CW(z0)2 — L2W2(z0) + G
e Ly VAR — W) + G
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MERR  SZOCHR [2,3] HOTVERE R, MG W Lyapunov BRI

UQ(tam) = 7( - %Wm + ;€W> (ta Qo(tvl.))7

1

(3.17)
Va(t, ) = 7( W ;ew> (t, o(t, 7).

Moy > 4, 28 s o L <o ) —2G0 W2 > _CEy JEEF] (2.2), (3.4) MBIHE 2.4,
i (3.17), 152

=
8

d
—Us(t,

dt )=

Wi+ AWWe) = 5 (Wi +7WWa)
3=z . V2
— Oy —W W
q*( 5 oW

3= Vw2 _ Y2 o (22 Y2
[QW gWe —ax {5 W 3

I

) w\q
™

| — |

o2

. 2
:_v(34 Ny 2 w2+ (g 6%)*0(34 7)W2+1W£>

722

3 — 2
> - + W2 +(q — €q.) * (”( - 7)W2+74W3§)

3 — 2
=UsVao + (¢ — €qz) * (7(4’7)W2 + ZLWJ%) (3.18)

Pl
d Y Y
—Va(t,z) = —§€(Wt +YWW,) — §(Wm +AWW,r)

dt
_7 3=Yu2 , Y2
A D)

372_7 2 3=7i2 , V2
2{ W 1% q*<2W+2Wz

_ _ 2
= _77(34 ) W2+ %Wf + (g + €eqq) * (7(34 ) W2+ ZWQ?)

2.2 2 _ 2
2—76 W2+1W§+(q+eqz)* MW2+lW§
4 4 4 4
- 2
=UVa+ (q+ €qa) = (WWQ + 1W§>. (3.19)
fER 512 2.2 I Young A%, 192

’(qieqx) * (7(34_7)14/2 + fWQN

1 B =) 2 L V2
<-(1 SAC ) L
2( +¢€) 1 W=+ 4WI .
1 3— 2
§< o ema (|20 220 20 v
1 3 — 2
X max (‘M el
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454 (3.18) 1 (3.19) 132

2

WD) vt )~ L2 e ( 18-, 74) IWollZ: = UsVa(t, ) — G2,
dVgcgz,a:) > UsVa(t, o) — Lte X max ( 7(34_ 7) ”f) [Wol2 = UsVa(t, ) — G2, (3.20)
H G W2 (3.16).
HBME S (3.15) 19
U(0) >G>0 Al V,(0)>G >0, (3.21)

b Uy (t) = Us(t, ), Va(t) = Va(t, zo).
1 (3.20) F1 (3.21) 1%
Us(0)V2(0) > G2,

U3(0) > Uz(0)V2(0) — G* > 0,
V3 (0) = Us(0)V2(0) — G > 0.
BT SR SIEVAIE
Ui(t) >0, Vi(t)>0, tel0,T). (3.22)
1 U4(0) > 0 Al V(0) > 0. #F (3.22) REAL, WAELERFA] ¢4 € (0,T) {#15
ty = min{t € (0,T) | Us(t) = 0 8L V3 (t) = 0}. (3.23)
i (3.20) F1 (3.23) 75
0= Us(tz) > Ua(t2)Va(tz) = G* B 0=V;(t2) > Us(t2)Va(t2) — G,
XK
Us(t2)Va(ts) < G (3.24)
BT Us(t) A1 Va(t) 75 t € [0,to) FHIEEIG, BTIAT
Us(ta) = Us(0) >G>0 Fl Va(ty) = V2(0) > G >0,

XEWRE Us(ta)Valte) > G2, 1X5 (3.24) FJE. B, (3.22) AL, H (3.20)(3.22) #ESFH Us(t), Va(t)
MUV (t) HBRIER HRTITE ¢ € [0,T) B
B g(t) = /UaVa(1). TEH (3.20) FHitH g(t) KTAE ¢ MF%, 53
d _ UyVa + UV
%g(t)— NG

i N2 (3.25) 15

(U2Va = G*)(Uz + V)

o PR - =gH-¢ (329)

(t) >

Glg(0) + G + (9(0) — G)e*“]

90 > =) 1@~ (9(0) — Gyt
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RO ¢ g In 55 W
LAURR AU
2

B AW (t, p(t, 20)) — —oo. HIGIHE 2.2 F1 2.3 A1, W@ (2.2) I W S TEA BR8] P & A2 % R 2430
%, H Tk

—%Wx(t, o(t,10)) = > g(t) — +o0,

T< tm \/%2W6($0)2 — L EWE (x0) + G.

26 \/%2W6($0)2 — L EW (20) - G

Z e T E R 3.2 [RE . O
31 M1 <y < 4 W, Brandolese M #ESH TR (1.1) MRS IEBE &G (WE

L1, B0<y< 1My >4m, KACELIWIE Lyapunov BREGRTE 752 (1.1) RN

(WLERE 3.1 F13.2). 24 >0 I, BB 1.1, 3.1 Al 3.2, AT TR (1.1) FIEBEN 0

3_
Woxo \/7|W01'0|—\/<1/’y’y—1>||W0|H1, 0<")/<].,

1 3 3 3
WO(ZO)<<2+’Y ’Y> |WO(:L'O)| 1<’7<47

3 — 1
vmm<ammw¢mem%Mjhﬁ%m,vw,

Forp 8 e > 0. BBAE, Zhou 7 BRI AAAT (1.3) WA mo = infoer Woo (), FA 1SRV RBAE] H b
LANME  VMER) FEAE PR R A BUE, PLRTEE [Wollg. 2y < 0 I, BRFEITRE (1.1) AR
WUl AR AT 2k — 2 R 1 il L

it BR#irFERLOAIRHNETEL, EALFE T t—

&
o

=

SR
1 Brandolese L. Local-in-space criteria for blowup in shallow water and dispersive rod equations. Comm Math Phys,
2014, 330: 401-414
2 Brandolese L, Cortez M F. Blowup issues for a class of nonlinear dispersive wave equations. J Differential Equations,
2014, 256: 3981-3998
3 Brandolese L, Cortez M F. On permanent and breaking waves in hyperelastic rods and rings. J Funct Anal, 2014, 266:
6954-6987
Camassa R, Holm D. An integrable shallow water equation with peaked solitons. Phys Rev Lett, 1993, 71: 1661-1664
Camassa R, Holm D, Hyman J. A new integrable shallow water equation. Adv Appl Mech, 1994, 31: 1-33
Constantin A, Escher J. Wave breaking for nonlinear nonlocal shallow water equations. Acta Math, 1998, 181: 229-243
Constantin A, Escher J. Well-posedness, global existence, and blowup phenomena for a periodic quasi-linear hyperbolic
equation. Comm Pure Appl Math, 1998, 51: 475-504
Constantin A, Strauss W A. Stability of peakons. Comm Pure Appl Math, 2000, 53: 603—610
9 Constantin A, Strauss W A. Stability of a class of solitary waves in compressible elastic rods. Phys Lett A, 2000, 270:
140-148
10 Dai H H, Huo Y. Solitary shock waves and other travelling waves in a general compressible hyperelastic rod. Proc R
Soc Lond Ser A Math Phys Sci, 2000, 456: 331-363
11 Du Z J, Lin X J, Yu S S. Solitary wave and periodic wave for a generalized Nizhnik-Novikov-Veselov equation with
diffusion term. Sci Sin Math, 2022, 52: 133-154
12 Fuchssteiner B, Fokas A S. Symplectic structures, their Bécklund transformations and hereditary symmetries. Phys
D, 1981, 4: 47-66

SIS BN

co

947


https://doi.org/10.1007/s00220-014-1958-4
https://doi.org/10.1016/j.jde.2014.03.008
https://doi.org/10.1016/j.jfa.2014.02.039
https://doi.org/10.1007/BF02392586
https://doi.org/10.1002/(SICI)1097-0312(199805)51:5<475::AID-CPA2>3.0.CO;2-5
https://doi.org/10.1002/(SICI)1097-0312(200005)53:5<603::AID-CPA3>3.0.CO;2-L
https://doi.org/10.1016/S0375-9601(00)00255-3
https://doi.org/10.1098/rspa.2000.0520
https://doi.org/10.1098/rspa.2000.0520
https://doi.org/10.1360/SCM-2020-0413
https://doi.org/10.1016/0167-2789(81)90004-X
https://doi.org/10.1016/0167-2789(81)90004-X

JAAR IR — AT Ty R At ) B U

13

14

15

16

17

18

19

20

21
22

23
24
25

26

27

Guo B L, Tang H Z, Zhao B. Global well-posedness and large-time behavior of the pressureless two-phase flow system
in R (in Chinese). Sci Sin Math, 2025, 55: 1549-1566 [FFF1R, 7B &, K. 3 4525 (8] 1) J0 P AH A B 8 1k i
8 M B AT AT . HRE RS #%, 2025, 55: 1549-1566]

Lai S Y, Wu Y H. Local well-posedness and weak solutions for a weakly dissipative Camassa-Holm equation (in
Chinese). Sci Sin Math, 2010, 40: 901-920 Wﬁ?@ﬂ(, Sk, —RE5FEEL Camassa-Holm 5 F2 53 58 55 8 1) 38 5 M
FRAAAAEYE. TP ERLE: B2, 2010, 40: 901-920]

LiJ L, Xu X, Yu Y H, et al. Non-uniform dependence on initial data for the Camassa-Holm equation in the critical
Besov space. J Math Fluid Mech, 2021, 23: 36

LiJ L, YuY H, Zhu W P. Non-uniform dependence on initial data for the Camassa-Holm equation in Besov spaces.
J Differential Equations, 2020, 269: 8686—-8700

LiJ L, Yu Y H, Zhu W P. Ill-posedness for the Camassa-Holm and related equations in Besov spaces. J Differential
Equations, 2022, 306: 403417

Li Y, Olver P J. Well-posedness and blow-up solutions for an integrable nonlinearly dispersive model wave equation.
J Differential Equations, 2000, 162: 27—63

Liu Y, Yin Z. Global existence and blow-up phenomena for the Degasperis-Procesi equation. Comm Math Phys, 2006,
267: 801-820

Ma F, Liu Y, Qu C. Wave-breaking phenomena for the nonlocal Whitham-type equations. J Differential Equations,
2016, 261: 6029-6054

McKean H P. Breakdown of the Camassa-Holm equation. Comm Pure Appl Math, 2004, 57: 416-418

Qu C, Fu Y. On the Cauchy problem and peakons of a two-component Novikov system. Sci China Math, 2020, 63:
1965-1996

Qu C, Fu Y, Liu Y. Blow-up solutions and peakons to a generalized p-Camassa-Holm integrable equation. Comm
Math Phys, 2014, 331: 375-416

Xin Z, Zhang P. On the weak solutions to a shallow water equation. Comm Pure Appl Math, 2000, 53: 1411-1433
Yin Z. Global existence for a new periodic integrable equation. J Math Anal Appl, 2003, 283: 129-139

Zhou Y. Blow-up of solutions to a nonlinear dispersive rod equation. Calc Var Partial Differential Equations, 2005,
25: 63-77

Zhou Y. Local well-posedness and blow-up criteria of solutions for a rod equation. Math Nachr, 2005, 278: 1726-1739

The wave breaking criteria for a rod equation

Changtai Zhou & Shaoyong Lai

Abstract In this paper, we investigate a rod equation containing the Camassa-Holm equation. Using the
method to construct the Lyapunov functions, we obtain the wave breaking criteria of the rod equation, which
involve the initial value and its derivative at a single point, and the norm H'(R) of the initial data. The work of
Brandolese (2014) is further developed.

Keywords nonlinear rod equation, Camassa-Holm equation, wave breaking phenomenon, Lyapunov func-

tion

MSC(2020) 35B44, 35Q35

doi:

948

10.1360/SSM-2024-0321


https://doi.org/10.1360/SCM-2023-0413
https://doi.org/10.1360/012009-547
https://doi.org/10.1007/s00021-021-00571-5
https://doi.org/10.1016/j.jde.2020.06.028
https://doi.org/10.1007/s00220-006-0082-5
https://doi.org/10.1016/j.jde.2016.08.027
https://doi.org/10.1002/cpa.20003
https://doi.org/10.1007/s11425-019-9557-6
https://doi.org/10.1007/s00220-014-2007-z
https://doi.org/10.1007/s00220-014-2007-z
https://doi.org/10.1016/S0022-247X(03)00250-6
https://doi.org/10.1002/mana.200310337

	引言
	预备知识
	线 R 上的爆破准则

