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wE Lie B, SCHk [26] 04 TV ERFRIEAA Bismut FK4%. Chern BRZEEL Riemann B4 I, b
b, SCHR [3,13,19] S TR FRRIERIEA. 55—7J71H, Fri8 Lie-Hermite WE 248 =704l (G, J,g), H
G A Lie #f, J 2 G LEAZRESN, g & G 15 T MENAEAZLE. BiAREXT
Lie-Hermite JJE AT, FHOE TAERT 2 WOCHR [4,6,24]. VEREE] Lie /U805 Lie #E 2 M AFE—AN HARI
XNKFR: {g BB S ={G EREAZLELEN}. G EMEEEARE LGN J #HE T —1 I\G
ERIES, W M = (T\G,J) H—NERE. XEWRE N\G LME SN G 4Kk K. £ G
FRAEATE S ER—AE G 1) Lie 03 g EE LN, XBH J £R. KL, g BEZH
A R LUK Lie-Hermite Jifl I 72 AR S50 T AZ AH DG HX.

ACHET IR T g BRSO S TR [23) B T g ERIESEHEEL £ s-Gauduchon
e El g ERIESWEECRE R, Hb s-Gauduchon BLZEH 7€ XN Chern BEZS AN Bismut BAZ%H]
INZHE . AL, SCER [7) 118 T a5 HE D W)U . BRI S, D =0 B HALE J 1% g & Lie
R B, LEMPATBURASEN T g, = C{i =0.

AICUE KT Lie {031 E CR Z5MJEAZ 1) Tian-Todorov & HE, BI7E S5 #4544 Ef] =C5 = C’IB,7 =0
BT =HE UL d=d + d" BRI T, Lie fREE CR 5 HITE AL & G RRIGI. BAKIN &, ASCIE
NGV

EIE 1.1 (= T 3.1) Bwo N A BAEEK (n,0) XX, o1 € HY @) WF HY? = 1Y HF
HEL =08 = Cﬁy =0, W2 ¢ @I, ARAE— NS TR AU A

O(t) = prt + ¢ot? + -+ Prct™ + oo

2 A 2

(a) d"0(t) = 3[o(1), (1)];

(b) ¢piowo = 1d'¢;.

fE Kodaira F1 Spencer [ #3041 v G250 AR T IR U BT RoR. B4 AR
HuRe s AE B — AR SOd SR, 48 E mEIAIIE T ¢, &Rl G H — DN ROR B S TR
T EEAERNE, SE4HMNTTEAR LRGBS ¢t) 2 Maurer-Cartan J7 2, HJ
HO2[p(t), ¢(t)] = 0. AXHERTHTF d” i) Maurer-Cartan 5 FE IR EE IR, BUK (1) Bl
Dy it

d<iﬁw>+z§]m@wﬂ=u
i=1 i,j=1

XS TR THT d’ ) Maurer-Cartan 15T FE4H
d//¢1 = 07

@62 + 5lon, 1] =0,

d" pr + % Z [pi, Pr—i] = 0.

0<i<k
AR FEgE RN ER 3.1, B Lie /8F LAY CR 4541 Tian-Todorov EH, HEH A H T Maurer-
Cartan IE T FRAMIME. A3 T Lie 1CEL g ) Kuranishi 25 [8) ) Y6 4 I AE < 4518, & ml BA
NI RERERIEM Lie-Hermite i JE AR PR AL S HE .
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2 Lie KX# Lt CR FfpZ
2.1 Lie X# LAY CR %44

—ANSE Lie fA20 g0 119 CR 5M 2% =04 (go,p,J), FoH p & go MEMET 2], J 215
J? = —id, FIRT p WEFSHEMMERER) 2,y € p, B [2,y] — [Jz, Jy] € p M [Jz, Jy] = [z,y] + J[Jx,y]
+Jx, Jyl. Wq={x—iJz/xcp}, g=go@rC N go IEL, M| q N g MWETAREH g ?TLEHK—
FEZERNEM g=qoqo 7, 2t qng= {0} (§=rq, 7 NEIH), ¥ = P]_, Czj, 21,..., 2, € go,
B - BN CR G5MIMISERYEE. N CFR g & CR 450, WRAFHE o € Autg, 18 or = 70 7 H
oqr = g2, MBI CR it q1 Al g0 BN NZEFNH. —A CR Gt N—E CR 454, ¥ g 22—
Ak B Lie 03 51 d B RAEFRIEAH LI ARG H:

(dw)(@1, ... Tpg1) = Z( D" (@, iy Tng)

—|—Z D[z, 2], @1, ooy By ooy Do e ey Tt 1), (2.1)
1<J

Horh AR 7 RN 5 108 SON ARG IZAE = 78 (2.1) 1, A on =1, W
(dw)(z,y) = 2w(y) — yw(z) — w([z,y]). (2.2)
TESMREL Ng* = @, AFg* I, FF7E Chevalley-Eilenberg 5 1%
(Ag*,d) : 0 —> g* 2> A2g% —> - > 20— Tgr Do p\2nge o,
£ Lie REUBL T, (2.2) HASKETHBONE, 453
dw(z,y) == —wlz,y], Vweg", zy€g. (2.3)

B ARgt =@, (7) A (AP@)*) A (A(@)*)), T (7)) A (AP@)*) A (AU(a)*)) € AFg™, AL = ()" A
(AP@)*) A (AT @) ) @ ()" A (APH@)) A (A(@)*) @ (AP @)*) A (AT (a)), K p+g+ 1=k,

d: (V) AAP@E) A (A(Q)F)) — AFFLg™.

E () AAP@)) A (A(a)*)) EBIN @ B, BIXET () A (A@)*) A (A(a)*)) T w, H d'u
“)((“f/) AP @ AT+ (0)))s T () 9y n(ar @) )a(natt (a))) A du BISETIRIRE (7)) A(AP@)*)A
hg)*)) . FEL XF () A (AP@)) A (A(9)7)) EPE/J u, H

d'u = (du)(¥)* A(AP+1 @) A (A2 (0)°)-
(Al L,
du = d"u+ d'u+ (du)((rr+1(G) )a(rat1(q)*))-
HATHEUE, A
() (o1 (7)) A(na+1 (q)+)) = —dO A (¥ ),
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Horr 0 22 Olgq =0 1 6(¥) =1 5640 1- B (1-form), KB L RIS, X T LHMER
u, A

du=du+d"v—doAN(V u).
5854
(du)((/\p+1(ﬁ)*)/\(/\q+1(q)*)) = —df A (’7/4’&) = 0,
ES)
du=du+d"u, dd'=-d"d.
i AP = ((AP(@)) A (A(a)7)). BE g IR {20)0s,, @ IR {20}ty WA
1 _
a2t = _iza[’z[% Z’Y]Zﬁy? d'z% = =2 [Zﬁv 2’7]2577 d"zo = _27[257 za]E’B @ 2y,
Hrp 287 =28 A2y H 287 =28 A 2.
2.2 Lie K¥ LK CR SHEK
Rl 2.1 W qstg LM CR M, §=C{z}, ¢ =C{z} A
[21,25] = Clizn, (21, 25] = Clizp + Cfﬂk + éf;ﬂ% [z, 25] = B,
[z, 2] = ijzk + ijik + ijxk, [z, 2] = D%zk + D%Ek + D%xk,

UES)

=i 1 i =7 A sk i J A sk i =
dz' = —3 Z Ci? NZ" — Z Cip?’ Nz — Z D,Bz/zﬂ/\z’y-
1<j<k<n 1<j<k<n 1<B8<y<n
W Woi=goqor HA%g = 2@ @q"07) = A2 (" AT D (A V) D DAZq* .
HY d ATUE A d @ g — A2gs, W
dz® = A%Zﬁ ANZY + B§s2P N2+ Fgal N2 (2.5)

¥ (2, 2,) 1N (25), IT43 B3R (2.5) HRIEE WU E. MRS 0ok T d e X, (2.5) s T
—29%,, 7, RETE, H

i) = AL (508 — 5357) — AT, — AL, = 245
PRt
a | A
Ap— = —52 [Zp7zq]. (26)
R (2.4), 715
0 ! ano S 1 .
0 _ sl 5 al a

FIREHL. 5 (. 7,) RN (25), ) BY, = ~C3,. ¥ (r,07,) 1A (25), B3] B, = ~Dg,. WL, 4
AS,, By A EG, AR (2.5), BVAT S8 HE W], -
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E 2.1 XTAER g —45 {20y, Mg F—4H3E (2., A

oo _al, 1.0 — ook ko 4 Ak V5 oaid
d"z% = —2%z, 2]2Y = -z (Cijzk—l—quk—kqjxk)z = C5z".

FKAchtth, 743
1"l o 1 a ij " J st ! ) ! So Ozja i
d"d'z* = _icijz y Az =05 2" Qzj, dza =052 ®z;, dz%= — 5 % ® zj. (2.7)
E 2.2 WTHEN g LHE CR 45K q,  KAERNEA q, #ATHIME—/) ¢ € A™! @ § KR,
b b, B {zeyno 2 g WA, {za 0o, RERDHEEE, U ¢ € A%t @ g BHFAE X
¢ = 957" @ zq.
2.3 Frolicher-Nijenhuis &5

Frélicher-Nijenhuis 55 [+, -] : (A% ®@g) x (A% @ q) — A%? @ g0 [E LR X TAERE ¢, ¢ € g*
MX,Yeg B

pRX,VRY] =A@ [X,Y] = (iydp AV ® X +ixdb Ap®@Y +iyedd @ X +ixhdp @Y),

Hr iy My 29FRE X MY #7458 5. 4% g LT CR 458 q, W q BAEENEAS g, #6
AHME—H ¢ e A @ q RFan. SELhr b, % {20372, & q* B3, {200, AT RIRHEIE, [FREH,
W A{w' by N qp BIFE, {widl, NERIEEE RATE

w' = Al 2% + B!z + C! 2,
(2.8)
Wi = C'2q + dY¥Zq + €520,
W ¢ e At @q d TP X
¢ =037 @ 20 = (A7)PBLE’ @ 20 = —(¢1)}d?2" ® 2a. (2.9)

EIR 2.1 B EL =0, R q 2T, BIER—A CR 451, A

90,80 C a0 5 "0 = 2[5, 9]

WEFR SEBR L, B €5 = ARed, W (2.9) FIRI AGdy = —¢Jog. tH (2.8) AT (a0 C o 2 H
e
0= (Ail)gwk[@u@j];lfsﬁfié“ ® 2y
— (ATDF (k" + B + Chat)
X [0 20 + d¥ 20 + €5 T, Cj Za + CZ;?ZQ + eyfﬂa]f_lf;f_lﬂé‘s” ® 2
— (AR + BEE) 0% + 0720, 0 + Aol A5 ALE 0 2,
= (J?J}ZT (28, 2y] + (Efc?} - EfJZ)zT [Z5, z,y])[lfs]lﬂgﬁu ® 2,

+ (9nE )2 (2p, 2] + OL(E) d) — &) d} )2 (25, 2,]) A ALEH @ 2,
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= (5 0hEnd] 2 28, 24
+ (¢RERE)

25§€2¢32T[25, ZW])E(S“ ® 2,
(25, 2y] — 20565 EX 912 (25, 2,]) 2" © 2
IR = AN AT R S R

(AF 22 4 Bkze L OF N[5 za + ch‘za,(’:;"za + &gza] + [ef 0, €5 0]
X [62Z0 + d 2, €5 x| + €] Ta, € Za + (Z Zal)

= (Ak 2> 4 B¥z)[evz, + d 2oy € Za + d5 Za).
TR ¢ —RARF AH, FrEl Ed A& T

0= ¢a¢)2" 25, 29]2°>

® 2r — 2012725, 2,2 ® 2,
+ $52%125, 2, ]2 © 2r — 20561225, )77 © 2,
= 2052° ® D20 — 20507° ® 2, + 3677°% @ [2, 29] — 203072 [25, 2,2 @ 2,
= —20¢ + (¢, 9.
bR AN AT R R
(6, 6] = 2812 @ (28, 29] — 2036} 2% (28, 2,27 @ 2. (2.10)
LSRR T S R AIE O
R, 2 r =1 I, A EF = 0. R4 Frolicher-Nijenhuis 3 5 105%E X, A
[Z% ® zp, Z
e p=i.

PRul =2 N2 @ 21, 21) + 12, dZ° NZP @ 21, + 1., dZ° N2V @ 2+ 1,
*dzf @ 2, + izkiﬁdéa ®z. H 1z
(2.4), A[13

(2.11)
= 2%(z) = 0 W15 (2.11) KA E AN BUNE. R4
NP @[, ] = CLEZO NP ® 2, (2.12)
W EEE, A
a5 =i, ( ;1<§<nca gk - 1<jz<;<n %20 N5 — K;@ DE-2 A 27)
=-Cpz".
PR, (2.11) BOAG S 55 T4 T
CRZP N ® 2, (2.13)
FAUHE, (2.11) A o ) B8 = IS T
C,'fﬁz" NZT® 2. (2.14)
R, ¥ (2.12)-(2.14) 1A (2.11), 53]
[2°® 21, 2° @ 2] = 2* N 2P @ [z, 2] + CF
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&8 2.2 B Cl =0, WA
[2°® 2, 2% ® 2] = 2 A 2% ® [z, 2],
WERR & oo, e A% @ g A
[0, 9] = [052% ® 2, ¥52° ® 2] = PEYS[E* ® 21, 2° ® 2] = sz A 28 ® [24, 2]
W owo € A0 MRHE L MEX, B
[, ] awo = PEPE((Z% A 2° @ [k, 21]) o) = et ([2r, 2] a(wo A 2% A Z7)).
DRI, K SCk [10, 913 2.1) BT Lie AREUITEIE T, FFHL (n — 1,2) TER w = wo A 29 A 28, AT{S

Puth([zx, 21]5(wo A 2% A 27))
= @hh (zhad (z10(wo A 2% A 27)) + d (zha(z10(wo A 2% A 27))))

— o (z1ad (zra(wo A 2% AZP)) = zpa(z0d (wo A 2% A 2)).
HT d'(wo A 2 A 27) = 0, AT BRI G — W08 %. 5340, R4 o M IEHErE, &
(¢, 9] owo = dad' (Yawo) — d' (Ya(pwo)) + 1hod' (¢w). (2.15)
IEEE. O
S5 2.1 4 Cg =00, X TN 0,0 e A ®g, H
d"[p, '] = d"p, '] = [p,d"¢'].

R IRIEE S, AT @ = b2 @2, ¢ = ¢ @ 2, WA

d'[o,¢') = PhotA, ol A=d'[Z*® 2, 2° @ 2],
[d"¢,¢'] = phwB, o B=[d"(z*®x),2" ® 2],

o, d"¢] = phiC,  Hth C = [2" @ 2., d" (2 ®@ ).
BATRFEIGUE A =B —C, Hr

A=d"[z*® 2z, 7" ® 2]
1

2
B=[d"7*® 2,2 @ z)] — [7* @ d" 21, 2° @ 2]

(-CrC&z" NP ANZP @ 2 + C};lcfgza ANEZEANZ @ 2, — 205,C8 22 NP N2 @ ),

1 _
= —5ChCaa" A AP ®2,+CHCTLZP N NEP @ 2,
C=[F"@2z,d"7° @ 2] — [Z2* @ 2, 2° @ d"z]
1 i .
— _50,{;[0552"‘ NN @ 2. +CLCLZ NP A ZT ® 2.

MO, =00, W3 A=B-C. O

2151



KEMii: 9¢F Lie {0 L CR 542281 Tian-Todorov 7€ #

Rl 2.3 R C, =0, MH
d"l, @'l = [d"¢,¢'] — [p,d"¢"].

JERR MRS FE 2.1 RIS L 8 AOT. O
G138 2.2 {EME 2.3 MR, A d(zY) =
UERR @B, WIS

d'(2%) = —2(Clizx + CE )2 A 27 = 0.

RS (2.7) FHESH, B A S dia i 2.3 IS, B co, = 0. -

¥ T € Hom o (V, Vo) HAHIRAEE RN Vi 5V, ZIMEMEET. Sisssi v #1 v,
LK Hermite PUBUMIA by B b, 56 F5F T 19 Moore-Penrose i1, il T € Hom c(Va, Vi) #%, Fo
e LB T

Thy — (T |(kerT)i)_1y, VyeimT,
0, Vy € (imT)*,

Hrb (im 7)Y 4 im T IES A, 43 Vo = im T @ (im T)L. T 52 SCAT 4
TT' = Pmr H T'T=Pyer),
Hrf Poyr M Puer e 3 RABGEEZ 0 im T M (ker T)+ _ERFFEHET. ATEE X

HET :=ker(d" : AP @ q — AP @ @) Nker(d"T : AP1 @ q — AP @), p,g>0,
HET :=ker(d : AP ®@q — AP @) Nker(dT: AP9®§— AP"H®4), pg>0.
Feili, B HO = kerd N g, HYY = kerd” Nq. Welt HO9 — HOq) A—ADFEBE. TR
0<p<n MO g<n, ARTEME AP @ q B E M iE:
L=HE!+d'd"T +d"d", (2.16)
1=Hy" +d'dT +dd, (2.17)
Hp HET AP I @G — HT M HET AP @G — HE O RREE T, &' RET d” 1] Moore-Penrose 1.
S5 2.3 H7 a5 @ AT, RIERE AP ERSIAE @' = d'd"T.

WEBR Wy e AP BIRTE R ¢ =i nzd, i 2l =20 n-oongie 27 =200 Ao A 20 H
T/JIJ = %Z’il ..... ipsglyeeerdq” *E?E (2'7)7 Tﬁ‘

1
d'z* = —5Ca=" A 28, d'Z* = —Co%%° A 2
DR DAAS 7 T A A
dzl =d (2 A A2

= —7(0“

ab1

2N AZZ AN e (—1)PTL R A R AL AC’Pb 2% A 2%).
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G a7t (1)5E X, AT
4" = gdoeda s A e (2.18)
—J7 1, HE AT A

d'y = pppd (") N2+ (1Pt Ad(ZT) =y d (27 A E,
d"Td'p = apy7d (25 A d"T(Z7). (2.19)

5T, HE SR

d"p = app7d" T (I NZT) =y p[d" TR AN A

d'd" " = s[d" | Td (ZIYANET A A FT (2.20)
R, HR4E (2.18)-(2.20), AI158 d"td' = d'd"t. O

SI3E 2.4 Bpe AP NERIAR AR HE! = HET MR g KTHT & ZIESK, Ny
KFHTF d'd" RIEAI.
WA BT g KT & RIEGK, FIA 9 = d'y. IRIE (2.16), A

v =HEI(y) +d'd" Ty + d"Td",
]
n=dH5(y)+dd"d" Ty +dd"d"y. (2.21)
—J7 T, B OHE = A5 AT (2.21) MEE—TUAE. BT, A
dd'y=—d"dy=—(d +d")dy=—dn=0. (2.22)

W n AR, T8 RS —ANER. Bl 2.3 fl (2.22) AR dd"td"y = d"td'd"y = 0, N
(2.21) MIRJE—TUNE. Ik, n=dd’y, Bl n XTFHET dd" ZIEGT. O
G138 2.5 WK o, e A% ®§,0v=2,...,K,
1

d//(pl/ = 5 Z [@a,sﬂﬂ]a d//(pl = 07
a+B=v
JUES)
d//< Z [SDV, sp,y]) =0.
v+y=K+1
MERR 5Ok (12, 51 4.2] BUE B2 O

Felth, 24 o € HY = HOHG) C A% @ q B, IR 5L
SIF 2.6 W wy € AV N (n,0) R, SFAEEM ¢ € HY, W 1L =159, W pw € ker d’
N (n—1,1) k.
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iIEHH iﬁcp:gofgéo‘@)zkEwozzl/\-~-/\z",|ﬂﬂﬁ
pawy = (1) TphE A AE A A
k,«

MmMHA d¢=0, H

1
4(6) = phd (%) @ 24— i @ d(3) = 5 3 kOl A2 A =0,
k,a

A oh T, #T L] CF, = 0. [,

d' (pawp) = Z((fl)”*lgo’gld’(z“) AN ABEA A — ()RR A (A AR A A ZY)
k,a

1
=-3 > (D) TICLE A A AN N A AT
k,a,a,b

—CMEYANZE A AP A AT A ZY A RD)
=0.
UEEE. O
513 2.7 W wo € A0 N (n,0) B, SFTALEM o, #H » € HY . W HEI = HY WA
[0, Y] awo = —d' (Ya(pawp)).
WERR Xt o, 9 € HYS € A% @ g, iR (2.15), A1
[(b, w]_:wo = ¢Jd/(¢_1w0) — d/(w_:((b_lwo)) + 1/)Jd/(¢4w0).
_leﬂl‘7 HRAE 5| F# 2.6, 7<) ¢dad (Yowo) = Youd (pawg) = 0. .LH:, 15 [, V] awe = —d' (Y (duwp)). 2 5

BT 51 2.7 FIGER. O
3 #Zip

PUAE T DA B A9k 56 1 1 701 serb it ) Maurer-Cartan 34877 FR4H.

EIE 3.1 W owe N A ERMEEM (n,0) X, o1 € HY @), R MY = 1Y FHH Ef =
Cey = Cl; =0, W4 ¢ RN, fAAE— DS TE TR REL o(t) = grt + got® + -+ otB + -+ | 1%
PO

(a) d"¢(t) = 3[0(t), o(1)];

(b) AERM i > 2, H ¢wo = 2d'9;.

MERR EFE Lie REIIETE T, FURA RE, SR IEH), X T— I TEAE Kodaira 1 Spencer
(128 d B e] S AU B S DL lIAgNE, R F 2 < K SN, A

1 K-1

d"pr = 2< > ¢k, ¢z‘]>7 brawy = d'r,

i=1
WA d(pxwo) = 0. FATHEHKE] ¢y 17

1

d"on1 =5

N
5 (Z[¢N—i+lv (/51‘])7 d'(¢n10w0) =0 H  dni1wo = d'Yna

=1

2154



RERE B 55 % A 12 Y]

H 5 2.7 AT DAFS 3

N

(Z[¢N—i+1a¢i]>Jw0d/( > %‘JSOkao)-

i=1 i+k=N+1
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Tian-Todorov theorem on the deformation of CR-structures on
Lie algebras

Jiashuo Song

Abstract In this paper, we introduce the Tian-Todorov theorem concerning deformations of CR (Cauchy-
Riemann)-structures on Lie algebras. We obtain some conclusions about the smoothing of Kuranishi spaces on
Lie algebras with respect to the deformation of CR-structures, i.e., under the assumptions that the constants of the
CR-structures are zero, the cohomology groups of operators d’ and d” are equal and that the differential operator
d can be decomposed into the sum of d’ and d”, it can be concluded that the deformation of CR-structures on
Lie algebras is unobstructed (see Theorem 3.1).
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