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FKEMES: BT Hermite WA &= FHMEIF LG

PEFRDAE N PE DRI E G D Y e, 5iX e SR A L, BAG 3 E 45 A sk g v e
Sk [12,14] F8 H, OIEIRL ] LUA BUEIE R & T Gilbert-Varshamov 5%, iX 3R I H#TT RO, JFH,
W IEID DT TV 2 AT RIE AR R 4 Lps 0] Xt R T HAE IS m 1 B Ve RE B 1
Fee R T FI9E 73, 2007 4F, Hagiwara Al Tmai M 25 U FHUE AL A4iE T 2 LDPC (low-density
parity-check) . 2018 4, Galindo & ") ffiH | —348hrA 2 19 2 AL MM IEINES, 73 05 1 et
Euclid AR, Hermite WARAI Symplectic WAL HIXEAD AR oo\, @i 2 7 6 g X R AL 78
3 P NBUTI MBS &M, MIERE] T 3 KB TRE TS, I m I E MRS B B B AR
E TR R TIMEIAD. AL AR, R TR BRI AT B R 2D S 1 B T AR E T Y. B,
FERA S 2019 4F, Ezerman 55 0 $2H 7 —MtEtEaeth R 0 & TGS IH T iE—2 T X Wik
T3, RIIOIEIAL 5 H S il B IEAZ B8 2R, BRENAEIE ) T V2 AT IS 3 —Ju & T A8 109,
2, W AE S SOAE ARG M RE O R B TR E TR, B RAME AT R B TR T
T RS 24 B A T A I B AL

TR ISR, TR, fEfRbR Y 2 BROEIAD Rt Y2 7 il id 12— 2R e J L3k
ARV BT B IE Y, #1845 2] 7 LM R & - IMED, JRf X i RIS, 433 71
DAL AR T ROE T, 12 2020 4F, Ly 25 @B — 4800 2 19— A Bl A s 4K
45Ky, i€ HAE Hermite WART B IERZ AT, 193] 7 — KB i0&E TG, I H, /EF il g
BTG RD RIhAE T2 R A T o B TR . 1F 2022 4E, Guan 25 0100 32T
—RKFehr N 2 A A B L AR, B 589 7 H Hermite STEHS DL K Symplectic AL A A
BoeTEa, g EAFE AN F AR ORI & S5, AR 3] T SRR I B T RAD, JRili X
PR E T IMEIE FFEAR 2] TV 2T R Ak W E 7A€ 759, 2023 4, Abdukhalikov 5 [ 7 Lv
SR TAREEAE I, A 5T 7 HAR AR FR N 2 — BB AAETD Y Symplectic BG4 BT, IF Ha
7 Symplectic H IERZHIZA, 153 7 —ZSB TGS, JFiEd X8 T O0E ARG 15 3]
T3 MTHIS R KA & A8 E T4,

XL FER I, BT AP AE AL v 1 B P R AR S 07 TR R BRI ). Tl R
BGOSR A 1% th 5 22 m 2 B PR RE I B AR T RS AR AT AL R B L DR, AR SR Y
—HAhr N 2 EMEIRD, 45 7 H Hermite XHERS I ZH LA KA BT IE R, 18 53 H Hermite H
IESE 25 AT, M1 B — B B T Ae0E THY, JRAE ol BRIk B 1 12 MHT AR 40 5% I ey 2
PERER) & T A8 E 104,

AR TNHNELGEWT. 5 2 WA HETRRE FIFE A ) — Lo B AN SR E . 5 3 e
JeE AP 2 BIIIEFAY, 245 H X RAGEIAMG 1) A Booo e 0B 24 FLk, 45 X SRAE 3R
% Hermite XJAH A5 A A oo A BL A S S48 B%E, FF X ZBUIEIA Y Hermite H IEAZ M, 53—
F R TIEAD. 55 4 T RRIXRE TGS g 28 5 e X 8 & T IMEIY HAR)
MG 5 R A S B RIEAE R, P 38 1 12 MTBRIS R Ak i) — e TAaE 79, &5, 3 6 e
AT

2 EBTFREFREMIEBL

BRE TSR REERE A, A LR EEE 7R TERAAEE . BT s
2 AR R USRS IS A M . B e i TR TR . AR, & Fy N g AR
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B, Horb g =pr, p NERE r NIEEBEL C1 RAEEDY ¢ MEREZE, K g=pr. 2

vV, = (Cq)@m = T®---®CY.
—
= ((n, K, d))q BETFRE TRV, PHECH K W70, s/ RS d Rvr il = &N T d 1T
AR AE R R R, EARRI AT A EEA d R L K = ¢8, M ((n,q",d)), =TFE TS
G ([, k,d]], BETRE T, BTRE L0V, EEErERE AR R — AL
B RERREE A 1 A RHER ). A8 FRE TR e THA S HE/AT ¢ WEEF R R,
TFRIEA T FRZ 402 ¢ 1. & —DETRE TR i/ NE B, AR g4t 19,
ASCHEFTI) & AE Hermite AR T SR MDA IS fE T4 E RS RIE 7T, DR Se i ad 45 s i)
2 g Pl & Buclid WARE K5I Hermite WAL & Hermite XHEISHE X, R IG 4 H & FREF
f4 ) Hermite #4382 AR AH BB RS E A9 B, — [n, k] LMENERY & 52 F h— 4k
BOH kM7 20E. & v € F? 1) Hamming H&E, 108 wi(v), £ v TAERTERINME 20
v = (v9,V1,...,Un_1) € Fy HH w = (ug,us,...,un_1) € Fy, ME v 5 w Z[AH) Hamming FF 2
dg(v,u) N
dg(v,u) =#{i € {0,1,...,n— 1} | v; # u;}.
¢ /N EE T Z M EE A TR (BIAEST) Z I8 #)#/N Hamming BEE. A& a=(ao,
ooy an1) b= (b, ..., by 1) £ F2 LHJ Euclid WA Hermite AIAREIE 70510

n—1
<CL, b> = Z aibi
=0

il

n—1

(a, b>h = Z asz
i=0
YT ¢ c Fre, H Hermite X5 E LA
¢ ={acFh|(ab),=0YbeC}.

P RE PSR EE Hermite H 1EAE 4 ML 28 VERD &5 31).

FEIE 2.1 (Hermite Mitik 3 FAEE—A [n,k,d] . EHRENN ¢ W ¢ C ¢4, WAFTE—
MNSHCA [[n,n — Qk,dQ]]q 7 RE 769, b dg = min {wt(z) |z € €-\%}.

AL, B TR rE I DL e A M E TR Ty RS R

EIE 2.2 (FEMN B FAE AN ETRE T (n,k,d), WETFRE T [0,k -1,d)],
(B k=18 F [[n+ 1,k d], (% k>0K) HFE74E.

YERTEF RS Y R, FE25 HAVE IR RS I 8 21T, A 02 Bl IS PR 1) 5 ORI, PGS (1)
MW, SFHE = (co,..rCm_1) € ]FZ%, HAEAFENLEAE T € SN T(e) = (em—1,¢05- -, Cm—2). 45
Fr BRI € WL € = T(6), WARHONIEAY. EAS R8T Ko A Z AL K. & Foelr]
TR Fpe EZIAIE. W (2™ — 1) NHZTAK (2™ — 1) EHH) Felz]) BRFAE F. BEKRY m §
TEIRL PR Ry, = Fefz]/(z™ — 1) FH— DB KT Fpelz] 2 g(2), [g(z)] Fnt
£ R, FHIFARZE F FHIAE @ = (ao, ..., am—1) 5L N ERBIRIR IR DL

la(z)] = [ao + a1z + asz® + -+ + ap_12™ ] (2.1)
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HHEPE T(a) XRFERE [va(z)]. HT Fpelz] &FBAERE, FIEREAEETH R, FH—
T [g(0) R 4 g(o),s(2) € Flel, ge) | s() F3 o) B s(o). 3 g(e) A s(o) MUHITIT
m H g(z) | s(z), WH [g(z)] EROTEARLEEH [s(x)] £ RRITEAL.

TGRS R AGIAAD 9, R B SR IR E . & 1 A1 m MRS Flp
W& ¢ = (coo, Cots - - - 1 COI—15C10s -+ 3 CL =15+ -3 Cm—1,0;+ - » Cm—1,1—1) HITEIA AT ERAE T 8 SN

l
T (C) = (Cmfl,()vcmfl,l; <oy Cm—1,1—1,€C00,C015 - - -5 CO,I—15+ -+ Cm—2,05+ -+ Cm72,l71) .

¥ Flm BIRIERS € WL ¢ = TI(E), WFHATRRRA | IRBIEERD. L08R R RS 5 1 i) %5 H
AT W ¢ - Flr — R, N

¢(c) = ([co(@)]; [er(@)], .-, [a—1(@)]) € Ry,
Hrp

m—1
cj(z) = Z cijzt €Fpelz], 0<ji<Ii—1
=0

FeAr R 1 BN Im BRUERR RS ] BAE N R, B R, - T #4865 1 B5KA Im BIREIRY @
H R HHY ¢ MR @1 (x), d@2(2), ..., d () AR, Hh

ai(z) = ([a1,0(@)], [a11 ()], -, [ar,-1(2)])
dz(z) = ([az,0(2)], [az1(2)], ., [az-1(2)])
5,5(%) = ([atyo(x)]a [at,l(x)}’ RS [at,lfl(x)}) )

WFR € A t- AERRHUEIAY. BLAh, & BIRDS- AT RoR X 28t BT A &

Hrp ki(x) € qu [x].
FEATRGIANLG T RERZHAGE X, HT @ T E G IS A BB IE . %
f@) = fo+ fiz+ -+ faora" L N Fpela] FMZTEK, H f,1 # 0. 8 X F 20

Fia) = fi+ fla oo fiaa™
4 f = deg(f(x)) FARNEZIR f(x) HIUEL 5 0f < m, W XL FETik:
Fz) = f(1/x) mod (2™ — 1).
B of(x) | (™ —1) B, X f () M) HN
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3 ETIMEMEE

AATE e th— R A8hn o 2 UEIMDE)E X, [R5 A oo A 24, ok, #E
Hermite X551 4L Moo ARG S 4L 5, BT X KRB Hermite H IEAZHIZMF, 53— 258
R T IEAD. Frig 2 RdeFroy 2 BFEFAS I E LT, X RAIEID 1) 4 sloo T8 20 A TR 1
Fge[z] ERIZIN g(2), s(x) AT f(x) BhSE.

EX 3.1 % g(x), s(x) M f(a) N Fela] FRIZIEL IEH € (f,9,5) BN 2. KA 2m
IIEIRGD. G 2(f,g,5) 1€ Fpe ERIARTTHN ([g(2)], [d(2) f(2)]) F1 (0, [s(x)]), Herh 2 05 2

(1) g() | (@™ = 1), s(z) | (=™ — 1), 0f <m;

(2) d(z) = ged(g(x), s(x)).

RIEIMEIRD €2 (f, 9,5) BAERSTTIE, WTE— 245 HIX RIIEIRD IS4, IS HCE H T &
THMEAS S TR

5138 3.1 WEIY G,2(f, g, 5) FIZHEON [2m, 2m — 0g — 0s].

IERR ORI Ga(f. g, s) BTSN 2m. 22T d(z) f(z) 7€ Ry THIFIREDRE R RN

[d(l')f(l’)] = [pO +p11' +p2x2 + - +p7n—1xm71] == (P07p17p27 e 7pm—1)-
HXRIRRZSIELL (2.1). & 60 NEBFRE N G &M, G HELT 2m — dg — 0s MT =M &

([g(@)], [d(z) f(x)]) = (g0, 91,925 - -+ Gag—1,---+0,P0,P1, D2, - - -, Pm—1) ,
([$g($)], [Id($)f(l‘)]) = (03907917 cee309g—15- -, Oapm—hp()’ph oo 5pm—2) )

([ =09 g ()], [z =29~ d(x) f ()

=(0,0,...,90:91, -, 99g—1, Pm—0g+1, Pm—08g+2, Pm—0g+3: - - - » Pm—0g) »
(0, [s(z)]) = (0,0,...,0,80,51,82,-,89s5—1,---,0),
(0, [xs(z)]) = (0,0,...,0,0,80,81,--,89s—1,---,0),

(0, [z~ 95~ 1s(x)]) = (0,0,...,0,0,0,...,50,51,...,59s—1) -

543, G AT R LIETE R, Bt ¢ M4EECN 2m — g — 0s.
HUEAS (1) G2 (f, g, s) TRUERESFA] A SFERE G AT IR EA R (2) B G AR S5,
BT Cpf,g,s) T, WAT1F G (f, g,5) BEBFEEN G, I HILYEBCN (2m —0g — 0s), T7& 5| FAFIIE.
(1) BMEREY G2 (f, g,5) FIRGF R RIRN
(la(z)g(@)], [a(z)d(z) f(z) + b(z)s(z)]),
o a(z) M b(z) & Fpelo]) PHRAEZEZ 00 MR8 RIEFE AT
a(z) =

q1
b(z) = q2(x)s' (x) + ra(x),
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Hrp 0r < m — 0g, Ory < m — 0s. HEM, HALF A RIR N
(la1(2)g (2)g(z) + r1(2)g(2)], [01(2)g ()d(2) f(2) + ri(z)d(z) f(x) + go(@)s (x)s(x) + ra(z)s(2)])
= ([r1(2)g(2)), [q1 (x)g' ()d(2) f () + ri(z)d(z) f(x) + r2(2)s(2))). (3.1)

CH d(z) = ged(g(x), s(z)). % t(x) = 2™ — 1/lem(g(z), 5(z)), g(x) = d(x)m(z) I H s(z) = d(z)n(z),
WA ¢/ (2) = t(z)n(z). B, Cp(f,g,s) BT 5K

2)t(x) f(x)d(z)n(x) + ri(x)d(z) f(2) + ra(2)s(2)])
d(x) f(z) + c(x)s(2)]), (3-2)

Ho o(z) = qu(@)t(@) f () + ro(z). FIREHL, HRIERRESE, A8
c(x) = g3(2)s'(z) + r3(x),
Hrb Ory <m —9s. C,2(f, 9,5) BTG TF A5 AL
([r1(@)g(@)]; [r1(z)d(2) f (x) + gs(x)s(x)s(x) + r3(2)s(@)])
= ([n(@)g(@)], r1(z)d(x) f(x) + r3(2)s(@)]), (3.3)

o ry () M org(2) 2 Foelz] B2, EATRRE M/ T m — og Ml m — 0s. MRAEAERNIERE G
FIATIRERA, 7T H ¢ i ERRIER N

([a1(2)g(@)]; [ar (z)d(z) f (x) + bi(2)s(2)]),

Het ay(2) M1 by(z) 2 Fele] ERZTR, ENIRELS DT m — og M m — 0s. B, A1 H
G2 (f, g, s) PIRAERRDFHE 0T (AR RAERE G AT 1A R A A
(2) ©F1 Cpe(f,g,5) TR FRERRA

([a(z)g(2)]; [a(z)d(x) f(x) + b(z)s(2)]),

Hot a(z) M b(x) & Foelz] DRMERZIR. BEEBIEMEAN G LM ¢ MIEEMTHEET
g2 ([, 9, 5)-

R AT A3 G a2 €2 (f, g, 5) BIAERERE, T2 €,2(f, g, 5) MAEEUE 2m—0g—0s, 51 HAFIE. O

N B AR €2 (f, 9,5) Hermite XREY €5 (f,g,s) (EMRICHRAITLSH, 4 LA
TH KR EE Hermite P AI1IZ5 18 200 EL 1.

5138 3.2 % n(z), f(x) M h(z) A Fpelz] FIRECUNT m BE— 200, %8x8 2 000 B
T Fr L 2 0ENRE R, XGRS (2.1) Pk, EATH Hermite AR AL

([n(2) f(@)], [h(@))n = ([n(@)], [f*(2)M(x)]),,

G EE 3.2 MR R 518 2, BIEA & 2 00— &4, 91 BRE5 AT oR oL,
H—B e thE X 3.1 PIEI Y €2 (f,9,s) Hermite XFHi4 %jh(f,g, s) WA R L Y
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WL 3.1 AUEIED G2 (f,9,5) 1E Fe LA Hermite X HED €5 (f, g,5) REH ([g19(2)],0)
([— ()t (x) 20, [s19(2)]) LERRIAIEIRES, 3 LB HON [2m, 09 + 0s], H t(z) = (@™ — 1)/
(z

lem(g(x), 5(x)).

R B 6 N Fe L ((g(@)],0) A (=) (2)a® ], [s29(2)]) EAIE AT, #ER
(1) G W4EECH 09 + 0s; (2) € DT 5 Gpa(f,g,s) MIDF 2 Hermite WHEUNE, MR €, /2
Cy2(f,9,5) Hermite X EHH.

(1) AT 51EE 3.0 HUEW]. BB [g9(2)] (3 [s29(2)]) RHT [g(@)] (3 [s(2)]) AEBHIPEI )
Hermite XA @ LI (—9(2)8(2)a™") 7 Ry B ASUTER RN

[_qu(m)fq(@xas’] = [vo +v12 + vox? + -+ ’Umflxm_l] = (v, V1,02, ..., Um—1),

HXNR A SR (2.1). W& 65 NERFE Y G &R, Hh

[g2(x)] 0
[zg™(z)] 0
oo| el 0
[—f4(2)t ()] [s49(z)]
[~z f(z)t(2)2%] [zst9(x)]
(20571 f(2)t ()2 ] [29~ 1st9()]

HT G FFTEATHESE F2r BZIEsR, Bk ¢ MYEECN dg + 0s.

HUERS G AR RS 78T i 2B BRIERE G AT R AR R, HARGERE A ¢ MR &5 1R
EIFHEET 6, WA ¢ M4EECN og + 0s. BT LA R UERI AR ERSEALT 513 3.1, R4 g &
I A HE S, DURR R D IR 1R. 4, IS T R RN

([a(x)g™(x) — b(x) f9(2)t (2)2], [b(z)s (2)]),

Horbt a(a) A1 b(w) & Foo o] FRUERZIE. £ ¢"(2) = (27 —1) /g (x) HH " (2) = (@™ ~1)/s* (@),
EANTHIXE S 3N (89) F(9s). REATEEX (3.1) BIHES, ¢ MIRSFRT 8IS

([r1(2)g™(x) — qa()s" () FU(2)F(2)2% — ra(x) f4(2)8 (2)2], [ra2(2)s79(2))),
HAFZ I r(2), go(x) T ro(z) 2 LT

a(z) = qu(x)g"(z) + ri (),

2(x)s" (z) + 2 (),
XH ory < dg, Ory < 0s. BF1 d(z) = ged(g(x), s(x)), H t(x) = (2™ — 1)/lem(g(z), s(x)). & ¢'(z) =
t(z)n(x) A ' (x) = t(@)m(z), WA g-9(z) = t9(1/z)n?(1/2)z?" F ste(z) = t9(1/z)m9(1/z)z?".
T n(x) M om(z) BE, Bk gto(x) M sti(z) WEEK, FFHE ged(g9(z), st(z)) = t9(1/z)2%. &

7
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d*(2) = ged(gL9(2), 529(2)), £*(x) = (2™ — 1)/ lem(g9(x), s9(a). # g*9(x) = d*(x)m" (x), WTFE
() = t*(@)m*(@). BT [(0)] = [(9(1 f)a™], FTARTAREL R4 2t

RUUFSE (3.2) WIS, G HHIRD 7 AT Rom Ak
([e(@)g(x) = r2(2) F*(@)8(2)27], [ra()s™(2)]),

H e(x) = ri(z) — qa(2) fU(x)t* () xmTOm. KALTAEX (3.3), G RIS 7] HE— BRI,
([r3(2)g™(x) — ra(2) F1(2)F(2)2™ ], [ra(x)s™9(2)]),
b ro(z) M rg(x) & Foelz] HIREUNT 0s M 0g 2T, H ra(z) e L FER:
c(z) = g3(x)g" (x) + r3(x).
R LA S, AN G BIZMER € RS n] 5 %
([b1 ()9 (@) — ax (@) F(2)F(2) 2], [a1 (2) s (),

o ay(z) M by () 2 Fpelz] P20, KRB BN 0s 1 0g. RIE €5 M 65 RS RoRTE
A, TEHER: 6 PRMEBRLTZETH ¢ WARER ¢ BT REAER. A, € FHREFaT
iS55

([a(z)g™ (@) — b(x) F1(2)t (2)2], [b(z) s (2)]),
Ha(z) M b(z) & Fpelz] PRMERZ T, B8, ¢ MTHAST < o, NifEEE G 2 %
HIA SRR, JEH € I4EECN 0g + 0s, HIILTERL T IE B F 26— #5847
(2) FEEMRIEE i h, A T RIERIR, 2 agi(x) = f9(2)E%(x)2? H ay(x), az(z), by () 1 by(2)
B Foela] FHTREZ IR, € (f,g,5) PRITGF T HRN
([ar(x)g(2)]; [a1(x)d(x) f(x) + az(2)s(x)]).
FKlh, & FIIESFERIRR AN
(b1 (2)g™(x) — ba(x)as: (x)], [ba(x)s™(2)]).
FRPAEFH] Hermite PRFA
([a1(z)g(w)], [bl (x)glq(m) - bz(x)am(x)])h
+ (Ja1 (x)d(x) f (x) + az(x)s(x)], [b2(z) s (x)])n,

([ar(2)g(2)], [br(2)g ()] )n — (lar(2)g(x)], [b2(2)azi ()]),,
+ (a1 (@)d() f ()], [b2(2) 5™ ()])n + ([az(x)s(x)], [b2(x)s™ (2)]) .
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QA (gt (a)] (3R [s9(a)]) 2 [g(x)] (BF [s(x)]) ZERAITER DI Hermite XHEAY, kAT
(lar(@)g(@)], [br(2)g™(2)]), = O,
([az()s(@)], [ba(2)s™(2)])n = 0.
O 8 (z) = t(z)m(z), H st9(z) = t9(1/x)mi(1/z)z%". BT
[t9(1/2)m? (1/2)2%%] = [t(1/2)a™m?(1/2)2™ ] = [#(z)m? (z)a],

AT [s20(2)] = [ (0)me (@)2? . HFZTR m(x) 1 Fo(a) MUHUNT m, HHESI 2 3.2, T
ESNERR

(far(@)g @), Ba(@)arz(@)]), = [ar (@) d(z)m(@)], [ba(@) f2(@) ()2 ] )
(lar (2)d() f@)], [ba(@) P (@) ()2 ] )
{[ar (@)d(2) (@], o)1 @)
B, %,0(f, g, 8) IAERITST 5 %, MO IRBLAN 0, LSS T EW 05— 4.

HT % MZHCN 2m,09 + 0s], T C2(f.g,5) WZSEN [2m,2m — dg — 9s], HIILTF1F 4, =&
Cp2(f,9,9) (1] Hermite X B, HSHON [2m, 0g + 05|, i fFHiE. O

FUTE NS Cp2(f,9,9) 5 T H Hermite SHEG ‘quih’(fg, s) HIZ&AF, B Hermite H IEAZHIZRAMF, £
SRAMEFR € (1, g,5) PIIZTR g(o), s(2) B f(2) W2 LLF A

el 3.2 HUIEIAY Cp2(fr9,5) BE T H Hermite pog %;éh (f,g,8) MR N (1) sti(x) |
9(@); (2) g-1(2)sH1(2) | s(2); (3) g-9(2)sH9() | (g(w)s™0(x) + d(@)f (@) f()F()a®).

HEER A1 d(z) = ged(g(x), s(2)). % g(x) = d(z)m(x). BTG G2 (f, g, s) WA 3.2
AR, BUEZ P (1) B (2), T8 s29(2) | d(). BUBAFTE A Fple] LRI a(x) (784
R a1(@)s () = d(x) BOL, I BAFLEAZIR a1 (2)m(e) EHFR a(@)m(@)s(2) = d(z)m()
— glw) BRI WAL (2), A Fpla] FRIZTR by (o), LAER by ()9 9(2)s29(2) = s(x) 1K
7. R, BB AE (3), 776 Fple] ERZTIR o0 (2), ML F R

c1(2) gt (x) st (z) = g(a)s9(x) + d(@) f(x) [ ()T (2) 20
= g(2)s (@) + ay(x) s (x) f () f9(2)8 ()20 .
T L RPN LI sLa(x), TR FEER,

c1(2)g(x) = g(x) + a1 (x) f () f9(2)F (x)20 .

h

h

1A R 251 43
+ ([—ar (@) f (2) 1 (2)8 ()2 ], [a1 () f ()57 (2)])

()],0)
@)+ a1 (@) f(2) f1(2)E (2)2% — a1 (z) f(2) f(2)E ()2, [d(z) f (x)])
)

([b1(2) f(@)E ()27 g ()], 0) + ([=b1 (2) g™ (2) f4(@)E ()2, [br (2) g™ (2) 5™ ()

BRI, €2 (f, 9, s) B3 T H Hermite X {5 %qéh (f,g,s). UEEE. O



FKEMES: BT Hermite WA &= FHMEIF LG

BT UL Emghie, arimad e 3.1 HRHIEIND €2 (f, g, s) 13— W) E T IEIA.

EIE 3.1 HWEIS G (f.g,s) BIEBTTH ([g(2)], [d(z)f()]) A (0, [s(z)]), H 2Bk 2
g(@)|(x™=1), s(x)|(z™=1), W G2 (f, g, s) {] Hermite XHEFS €50 (f, g, s) BITSSHCN [2m, 0g + 0], LR
TEA ([g*9(x)],0) F1 ([— f2(2)t9 (2)2?], [s+9()). & FRZTAFL (1) s-9(x)| g(x); (2) g+ (x)s(x) |
s(@); (3) g9(2)s1(2)|(9(x)s () + d(x) f (@) f2 ()9 ()2 ), WIAJEFRED G2 (f, g, 5) A Hermite [1E
A Bk, AR R T RUE T, HBHCN

[[2m, 20g + 20s — 2m, dg]],, ,

Hrit dg = min{wi(z)|z € C5"(f,9,5)\Cp2(f9,9)}-

MERR  ARHE S BE 3.1, AIARMEIRD 62 (f, g, s) FIZHEON [2m, 2m —0g—0s]. MAEaA 3.1, W13
TEIRD C,2(f, g, s) ) Hermite Xf & fi% ijzh(f,g,s) FIAE T RN ([gh9(2)],0) A ([~ F9(2)t9(z ) o',
[st9(2)])), HSHECN [2m, 0g + 0s]. IIMEMGD €2 (f, g, s) FIZ T Ll 3.2 PR (1) st9() |
9(2); (2) g (@)t (2) | 5(x); (3) g*U(x)st () | (g(x)sU(x) +d(x) f () [ ()9 (x)a?), W €p2(f, 9, 9)
A EIESHIERR, B G2 (f,9,5) C €5"(f,g,5). RIFEH 2.1 WIIFSHCA [[2m, 209 + 205 — 2m, dg]],,
&1 e 1, Hp

dg = min {wt(a:) |z € %;”'(f,g, s\Cp2(f, 9, s)} .

& FRASHIE. O
4 BHF

AR I L P A ] B A AL IE R RS B RS A IE IR, s rh R UL
S H T SAT B T RBR A

Bl 41 % q=2,m=8JH v Fy LHW—PAKEIT. &N Fy ERZHX g(z) = 22 + 1,
s(@)=a"+a%+a2+at + 2P+t + 1 M flz) = wat + wa + wa?, ATHF—A Fy ERHUIEIRD
g2 ([, 9, 5)-

LR o) M s(e) FRA X 31 PIEL g(2), s0)|(* — 1), BTN d(x) = ged(g(x), 5(x))
=22+ 1, t(z) = (2% — 1)/lem(g(x),s(z)) = = + 1. FEFLLEZTADL LG 3.1 458, 75 H
Co2(f,9,5) W] Hermite Xf & fi5 ‘fqé“(f,g,s) A2 TG A R L R 22 T

gti(z) =2+ 2t + 22+ 1, s 9 (z) =241,
— Fi(2)(2)2% = wa" + w2 + w2 + w2a” + w2l + wa’.

NIAE €2 (f, g, s) B Hermite HIEAZE, #E— B 1HHE LU 210K
Lip)sti(z) =2 +ab + 2t at 2P a2t o+,
(pw() d(z) (@) f9(2) i (2)a? =2 + 2" + 2B 42"+ 2% + 22 2 + 1.
Bl b ik 22 1 a2 fimel 3.2 H 2% A
g(x) = s (z) (@ +1), s(z) =g % (z)s " (x)(1),
1

g(@)s™9(2) + d(2) f () (@)1 ()27 = g"(2)s9(2) (" + 21 + 27 + 2t + 1),

10
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1% €2 (f.9,5) & Hermite H IEAZINIEIAL.
BT RIS 6,21, g,5) FISHCN [16,7,8]s; H Hermite X HH5 %qj‘zh (f,g,5) WS
N [16,9,4]s, FHEEAHN

w(z) =1+ 842% 4 52825 + 115227 + 58862 + - - - + 3753216,

RAEEH 3.1 W15 —DSHON [[16,2,4]), B JoE FHEIAD.

Bla2 Lqg=2m=12F3FHw AF, LHA—PMAREFEIC. B F, EZIE g(2) = 23422 42+1,
s(@)=a+20+ 2%+ a8 +aT +ab + S +at + 2P+ 2t o+ 1M f(z) = wie, AR A Fy EHIE
7N IE] Cq2(f,9.5).

LI g(x) R s(a) WRTE X 3.1 PHIZERLF g(x),s(2) | (212 = 1), BZI d(z) = ged(g(2), s(x))
=22+ 22+ 2+ 1, t(x) = (22 — 1)/lem(g(z), s(x)) = . + 1. =T LLEZ AP L@ 3.1 f45, nf
3 €,2(f, g, s) M) Hermite Xf 65 ‘quzh(f,g, s) AE T H NS B ) 22 T 2

gti(z) =2 + a8 + 2% + 2 + o + 1,
st(z) =z +1,

— i)l ()% = wa®® + wa'?
REUE €,2(f,g,5) 1) Hermite H IEASYE, i —B 1R LI 20

gj‘q(x)sj‘q(:r) =0 4 a® b a2t 2?41,
g(x)qu(m) 4 d(x)f(x)fq(x)fq(x)xa‘g’ = 227 26 4§ 25 4 24 16 4 15 4 g1y 13y a4 L

bk 2 i L dr 3.2 AR

|

g(z) = sM(2)(2* + 1), s(@) =g (2)s U (x)(x +1).
g(x)sH(x) + d(m)f(x)fq(x)t_q(x)xas/ =gt (2)st(2) (@' T + 20 + 2B 22 28 2t 2 1),

JITCARI 1} €2 (f, g,5) 72— Hermite H IEZ G,
B XS ZHAT E VS G2 (f, g, 5) IZSECH [24,10,4]4; H Hermite X ES ngjih’(f,g, s) Iz
N (24,14, 4]y, HEE AN

w(z) = 1+ 1982* + 186925 + 224912% 4 - - - + 450621224,
R4 CH 3.1 73— NSECN [[24,4, 4] 08 FRMEIRA.
Bl 43 4 q=3m=15 0w N F EH—AKETT ERFy EHZHR g(2) = 2* + w’a®
+w 2 +wlr+1, s(r)=at +2B + 2P+l 420+ 2% 4+ a8+ T+ b S+t P 2?1
F f(i) = wzd + w?zx” + 28 + w?2d + wizt + wiaed + wiz + w5’ m‘?:af#/l\ F, J:E‘JEFW}E%HE’; ngQ (f,g, S).
LI g(x) M s(e) WAL E X 3.1 TR g(x), s(2)| (2" — 1), HZ TR
d(z) = ged(g(2), s(z)) = 2* + w?2® + w'2? + Wiz + 1,
t(z) = (2'° = 1)/lem(g(), s(z)) = = +w.

11
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T UL 2R R A 3.1 ME5IE, AT €2 (f,9,5) ) Hermite X EHS 65" (f, g, 5) LEMRIGHXT
DA EAYIE
gH(z) = wha'! w0 4+ wPa? + we® + wiz + wia® + wed + w et + wled 4w e + wls 4 1,
sH0(a) = wie + 1, — FU2)i(2)2% = 22 + 22 + 2% + w?a® wle? +wta® 4w e + sl
et ot Sl 4 210 4 Ta9 1 B8 4 To
NIGUE C,2(f, g,s) 1 Hermite H IEAZ M, #E—PiHH LT 2 0
gti(z)sti(x) = 2 4wt + 2% + 27 4 wab 4+ 2° + 22 Fwr +1,
g(x)s™(x) + d(x) f () f1(2)t? (2) 2

— U)5J)41 4 w6$40 + w7x39 4 ’LU3.’1737 4 ’LU6$36 + w6x35 + w6x34

+ ’LU23333 =+ ’LU53)32 4 w4a:31 4 waSO 4 w5x29 4 ’UJJZ28 + w5x27 + ’LU23326 =+ ’LU53)25 4 w2x24 4 IU61'23

+w7x21 +wx20+w6x19+118+w7w17+w6x16+w7x15+w5xl4+w5x13+x11 +w6x10+w5x9

+ w?a® + wa” + 28 + wta® + what + w3z? + w3z? + w3z + 1.
DRIk 22 0 =Gt o il 3.2 H R SR A

g(z) = s19(z)(whz® + w3z? + W'z + 1),
s(z) = g79(2)sH(2) (2® + w'z + 1),
9(2)s*1(2) + d(2) () f ()1 ()2
_ glq(x)SLq(x)(wSxQQ + w6$27 + w3x26 + w2x24 + w7x23
D22 620 4 6520 4 To10 4 ToI8 4 B 0T 4 3006 L 005 L2008 L T 02 6,10
+w3z? + wha® + we” + wa® + wlar® +wlst Fw e +wa? + 2+ 1),
JIrLARI 43 €2 (f, g, s) &> Hermite H IEZIUEIAG.
WIS SHT S ATAS G2 (f, 9, 5) FIZHON [30,12,12]p; H Hermite XIS 42" (f,9,5) M5
HON (30,18, 9], HE RSN

w(z) = 1+ 69602° + 12268820 + 16384802 + - - - + 43831819350488162°C.

e 3.1 W[ —ANSECN [[30,6,9]]s K =J0& TG,

5 FMZTETFRETH

AN o B BT 5 iR B B AR S 80 s B 7A€ 145, IF5 BUA SR 1 45 R ATt
AATHCEL R R B TR E TROE LAY R B 2 RO R B R IR TR e TS, R TE T
FasE T MG TR R4 R, o e RAUSERFEE R, BRIk, 512345 RN LU B RE SR HH AR SO TE 45
R E.

ARICKIEH 3 MTHS RO M e & FRE 79, X355 0N

[[126,94, 7]]2, [[130,92,8]]2, [[136,96,8]]2,

12
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I HARSE e 2.2 §7JRAFE) T F4M0 9 MTRE LA B TR A9, EATITEA RIS KA GEE R 1) fe /)
PRES I FAER IR R A o R RS 7. RN 3 AR TR TR IE AT/, S
L B CRERE. N T iR, BA BRI Fy 1Y 0,1, w, w? TCERHIFRRN 0,1,2,3. 1
b, 2 HT T REUTHIFRR, AT SRS S R B, 25050 1+ w?a® + wa® 7]
H1E 102302, 1EERE TR FEMRE R, ieh « MR TRoe Fid g des 2.2 G H.

R 1 PR H AT RS R A SR BT AR DO ([126,94, 7))o MG E BT IIMERR €2(f, g, 5)
& Hermite HIEZZM, 2400 [126, 16,684, fiEEEN

g(r) = 3120320312212%32%301301221213%21213%21*30°21, s(x) = 2% — 1

A
f(z) = 0%1%0%31%03203.
MR EHE 3.1, WI{RE] ,2(f,9,5) H Hermite XIMHFY 675" (f, g, 5), FLSHCA [126, 110, 7], X7 H E i
AN
w(z) = 14 5065227 + 19230752% + 754802792° + - - -
+ 30501291822586682447958926105303152650798803972307321%6.
CRLHAR Y € BE 3.1, AIAS B2 40 ([126,94, 7)) KR FAE T, BT 4,2(f, 9. 5) F/DIEE N 68,
65" (f,9,5) WIERANIBEN 7, €5 (f,9,5) BIB/NEBANT €50 (9, 5) BIBCNER, RILIXA BT
FoE T2y, [FI, AR e 2.2 9 RAMNGE%A 2 71 4h 3 NE THE T

126,93, 7))2,  [[127,94,7)]2, [[127,93,7]]2,

S5 AR TROAR TSR B A (AR RIS KR 4E A0 B A2 e 10, f IR s ) 17 7.
2 R TSR AR E T RE IS ECN [[130,92,8]].  A4iEE BT H I HLE 2R
G2 (f,g,s) & Hermite HIEZZ), ZHH (130,19, 66]4, HiEEEN

g(x) = 103%02201221%220%107202020210%221%22102023%01, s(zx) = 2%° — 1

*1 HMEBFRETFS [[126,94,7]]: RETR

G ZItRTRRE T TR i B T A 15 (8]
1 (126,94, 7]z (126,94, 6]]2
2 (126,93, 7] (126,93, 6]2
3 (127, 94, 7] (127,94, 6]]2
4 (127,93, 7]]3 (127,93, 6]]2

* 2 HEFRETFH [[130,92,8]]: REY &

G5 TR R E T R i) B T A TG (8]
1 [[130, 92, 8]]2 (130,92, 7]]2
2 (131,92, 8]]; (131,92, 7))z
3 (132,92, 8]]3 [[132,92, 7))z
4 (133,92, 8]]; (133,92, 7))z

13
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A
f(z) = 0%131210%20123%231.

RYEEH 3.1, W153] C,2(f, g, s) 1) Hermite X fHH5 %Lh(ﬁ% s), HBHCN (130,111, 8]y, SN EE
3TN
w(z) = 14 561512% + 6234242° + 240054962'° +
+ 386031974629612699731980158545447395848830081997344.213.

PRIEAR S 2 B2 3.1, AR RIS HON [[130,92, 8], MR THE 719, BT € (f, g, s) KIR/NIEE 66,
B €5 (f,9,5) BIB/NIEBIA 8, €57 (f, g, 5) IBUMER/NT €550 (f,9,5) WIR/NEE, BIX A&
FasE THREAL. R, IR E R 2.2 (Y LI RES 13 21 55 4 3 B T AeE 11

[131,92,8]]2,  [[132,92,8]]2, [[133,92,8])s,

X TR E TSR TR B rh R RS K RN 4B AR TS, S/ NE RS R T 8.
£ 3 PR TSR AR E TR E IS ECN ([136,96,8]].  A4iE BT AL 2R
.2 (f,9,8) & Hermite H IEZZ 1), ZHCN [136,20,64]s, MIE(EEA

g(r) = 12032212032302021023%2340%21202023301%23%021, s(z) = 2% — 1

A
f(z) = 301310%2301*2312.

R EEE 3.1, FI1FE] €2 (f, g,5) [ Hermite X HAS %Lh(f,g, s), FeBHON 136,116, 8], XN E &
IrAN

w(z) = 14 46622° + 15494702° + 57097950210 +
+ 703543273762469145261533838994494771269442650379173192 36,

CRLHAR S & BE 3.1, AIA3 31240 ([136,96, 8], KR A€ T, BT 4,2(f,g9,s) B/DIEE N 64,
65" (f,9,5) WIER/NETEN 8, €5 (f,9,5) BIB/NEBANT €50 (f,9,5) BIECMER, LKA BT
ﬁgi%ﬁ% 2. RN, IRAEE R 2.2 M RS2 5 4h 3 MR TRE 115

[[136,95,8]]2, [[137,95,8]], [[137,96,8]]2,
X T RE TR TR ) o (R R K R R B TR TS, SN RS R B T 8.

* 3 FHIETFIRETH [[136,96,8]]. RETRE

HT ZonETRE TS fidh 2 v () B TR E TR (8]
1 [[136, 96, 8]]2 [[136,96, 7]]2
2 (136,95, 8]] [[136,95, 7]]2
3 (137,95, 8]]3 [[137,95, 7]]2
4 (137,96, 8]]3 [[137,96, 7]]2

14
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6 it

AR T — Kby 2 BRMEIMD, 45t 7 IR RIIEIAG B9 oo e L 24 i 7t
XFEHIEIAY Hermite XHBADPIARELEW, #i€ T H Hermite XHBEAD A T TE R LS S 4. @it
25 X RAEIMDLE Hermite WAR T B IEAZMISFAFG, AR R T — B0 &E 065, BT ix K
BHFUEIRD, FATKRE T 12 MEASHIFTHARN o FRE 1700, XEE7R0E 70
ANER B AT AT R A sk I RIS L [RI4ER ) & TR E TSR T 1, IR MR AR SO )
BEARE A E TSN IEETRIRIEE /). X RER I e iE e m A S e E i 1
R 77 TR A 250 T ELAR S A SR B, AR SCHR HH I DT VELE AR RIE W] REAAE H 58 2 AN R BRI B, 5
K A B PR RE ) B TR E T

B R E AR AR 8 B RO
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The construction of quantum quasi-cyclic codes based on the
Hermitian inner product

Zhenhui Zhang, Zhuo Li & Lijuan Xing

Abstract In order to construct quantum stabilizer codes with high-error-correcting performance, in this paper,
we propose a wide class of quasi-cyclic codes, providing the generator forms and code parameters of such codes
and their Hermitian dual codes. By giving the conditions for the Hermitian self-orthogonality of such quasi-cyclic
codes, we obtain a new class of quantum quasi-cyclic codes according to the Hermitian construction. Among
this class of quantum quasi-cyclic codes, we find 12 record-breaking binary quantum stabilizer codes. Their
minimum distances are higher than those of the corresponding codes in existing quantum code tables. These
results demonstrate that our method provides effective support for the construction of quantum stabilizer codes
with high-error-correcting performance.

Keywords quasi-cyclic code, quantum stabilizer code, Hermitian dual code, Hermitian construction
MSC(2020) 94B15, 81P70
doi: 10.1360/SSM-2025-0066
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