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BERNBAFHBINCS. Call M Velleman M 43 T U0 F Pascal $EF4:
EX 1.1 B o NAERSZEL, W nxn |~ X Pascal 5EFEE AN

(Z,):c”’, 0<j<i<n-—1,
(Palz])iy=q (1.1)
0, HoAth,

Hordrn NIERE, H P,[0] :=1, IXB T NHAIFE. P,[x] RN Pascal %55 pREL.

AR, P,[1] &M Pascal HifE. 2 KT Bernoulli (. Bernoulli Z i3 Euler A1 Euler % Jil
) HEENE A 0] #E Pascal FEFEAF R, 4030k [1] )20 3CHR [2-9) AR, JATK & L 1.1 ¥ w18
BB X Pascal HifE.

EMX 1.2 ik o NAEFSH, W nox n B4 X Pascal HiFE P, . [z] 7 E SN

1+
(P rlz))ij = (] +r
0, HiAth,

)ﬂﬁ70<j<i<n—r—L
(1.2)

FEX5|HKR: He T X, Liao J H C, Shiue P J S. Stirling numbers and the Pascal matrix function (in Chinese). Sci Sin Math,
2015, 45: 1563-1572, doi: 10.1360/N012015-00030
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Hrbn AIEEE, HH n>r+ 1. K, P, o[z] = Pufz], X8 P, . [z] FABAL Pascal HEFE K%L
NAESREEL r BRI TR, FRATHYE SCE FH TR R AR

WABE T E T FIRI S — M ZKFAL Stirling FEFF.

EX 1.3 DR 3K Stirling 20N s(n, k) B S(n, k) (n,k > 0), W n x n 5—FH
T RREAT Stirling HEFE A E SN

[Snprlij =s(r+i+1,r+j+1) Pl [Snrliji=S(r+i+1lr+j+1). (1.3)

A4, L

[Sn,r]i,j = S(T +14+ ].,j + 1)

or =0, N Sn,0 = Sn NS Stirling %5 FE, H Spo = S’n,O =S, N 2 Stirling FERE.
Mn=4 M r =28, FATH ERFRES A

) 0 0 0 5(3,3) 0 0 0
Gz 3 o o0 s(4,3) s(4,4) 0 0
Pyslz] = . . . , 842 = )
(2)332 (3)33 (4) 0 s(5,3) s(5,4) s(5,5) 0
2)2* G Dz () 5(6,3) 5(6,4) s(6,5) s(6,6)
5(3,3) 0 0 0 33,3 0 0 0
S(4,3) S(4,4 0 . S5(4,3) S(4,4) 0 0
54,2 = ) 54,2 = N N
5(5,3) S(5,4) S(5.5) 0 $(5,3) S(5.4) S(5,5 0
5(6,3) S(6,4) S(6,5) S(6,6) S(6,3) S(6,4) S(6,5) 5(6,6)
EX 1.4 8 Vi(z) N T Vandermonde R4
1 1 1
T z+1 z+r—1
Vi(z):=| 2 (x+1)2 (x+7r—1)2 (1.4)
I 2 (z+ D) (e —1)t |

B AR B 3 RIONERT m A n $O7RE, WA R B B EATE SON (S WCHR [10])

A®B= (1.5)

O ]
0 B
(m+n) X (m+n)
FIR IR E SR [10]
SIF 1.5 1091 2] 3% ) > 1 R IR RO
(a) Pn([l] 3] Snfl) = Sn;
(b) ([ @ sn-1)Py ! = s
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SIFE 1.6 10 EH 2] 3% 0 S H > 1 JREL T
Vi(x) = (Prlr — 1]ST)DTP;P7

HA D, = diag(0!, 1!, ..., (r — 1)) X AEE.

52 K SCER [10] RIS RY e EBAL Pascal FEL FAL Stirling FEAT_ETH E 4K Vander-
monde FF. 95 3 K45 Rt S E R [11,12] TFAFE K28 X Striling $ HAEFE. Hsu
A1 Shiue 12 58 LT —28) K Stirling BOHREE T ARZ T X Stirling HOAFARF]. He M 45 T X
Stirling £ — 29 78 DL E A TR IA RN %,

2  #{I Pascal ZEREFNFEAL Stirling %EfE X 45% Vandermonde PERIXFH

BATIN ik 2 B 46
EE 2.1 & P, [z] €T (1.2), W

(Porlx])) ™t = Py [—a]. (2.1)

MERR ASCHER [6] A1, Pofz]Py[—a] = I, Hetf I, J9 n B EAIRE. 5346, JATIR Po(2] B4

P.[z] 0
Pn[l'] = 9
A P,z
HAr AN (n—r) xr B, O AFHME. FI,
P, [z] 0 P.[—x] o I, O
P,[z]P,[—z] = = =1
A P,.[z] B P, . [—z] O I,
M EFTIR,
P, [2|Ppr[—x] = AO + P, ,[2|Pp r|—2] = I5—.

7E BRAFIE. O

FAlts, MK ZR S, = s JEHCEEE 2.1 HUEMIJE, AT T i A € 2.
FE 2.2 & S, EXT (1.3), WX TARTIERES 0 #1 r

Sy = Snyr- (2.2)
EH 23 BEO<r<n—1, 1

(a) Pn,rSn—l,r—l Sn,r§

(b) Sn—l,r—l(jjn,r)_1 = Sn—lﬂ'—anJ'[_l] = Sn,r,
/E\:EP Pn,r = Pn,r[l}
MERR  AKEIEE 15, FATH

P. O
A Pn,r

®s_, O
B Snfl,rfl

Sp =P, (1] & Sp—1) =
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TR E
S, O
C Sur

S, =

9

H EE AT — 2R 7 3 7 45
Snp=A0 + Py, Sp—1,-1 = PpSn—1,-1.

(b) ATH (a) Mg 2.1 A1 2.2 1EAS.
MEBIFE 1.5(a) F1 1.5(b), TATILS

(Ir D Pn—r)(lr D ([1] S3) Sn—r—l)) = (Ir S3) Sn—r)

Al
(L @ ([ ® sp—r—1)) ([ @ Poy[-1]) = (I © 8n—r)-

MIETETZE 70 5 3, FATIEAT A ek A 5
T r T

205w = S0 ()t slo s = 32 () 2450

BRI, IR (1.1) o€ S P[], BATRERE B 2205 B R 2
[f(x), Af(z), ..., AT (@) = P [-1][f(2), fla+1),..., fl@+r—1)]".

HEZE] P n|P.[—n] = I, BAISLAS FIH 2 EE.
TR 2.4 & Pl E X0 (1.1), WIES

[F@), M), A (@) = P=n][f (@), f@+1),..., fa+r—1)7

& [f@@), fla+1),..., fle+r =D = Pnllf(2), Af(z),..., A f@)]",

AL

A fa) = oAy () ) e fok ) = Y () ) kak ),

k=0

MERR RSB, (2.4) BOL. R, I T SR AT
# fn)=n"0<m<r—1, M (2.3) i

nO n o nr1
Ano An L Anr—1
A2n0 A2n . A2pr—1 = Pr[*l]vr[n]Tv
A0 AT, oo ATl

H Vi[n] B (1.4) & L.
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I o™ =32 S(m,r)(2),, A Newton A3 13 A G

" m Ara:‘m
X - Z 7“! (x)ra
r=0 z=0
ESIIN
A i = S(m, ). (2.6)
2o
i,
ATn™  AT(x4n)™ - (m\ . ATzR
rl 7! w_()];)(k>n o
LN BT WA
ATp™ " (m K
= m . 2.
o kz_%(k)n S(k,r) (2.7)

(2.7) H T F IR R,
IR 2.5 W Pla] B S, S Pascal SEFEREORISH 2 Stirling BOEFE, WA 0 T AE R

no n N nT_l
An? An e An1
DY A0 A%y o AZprl | = (P —1S)T = (P )(1] @ S._1)T, (2.8)
Arflno Arfln .. Arflnrfl

HH D, := diag(0L,1!,..., (r — 1)!).
MERR VEREZR P.n] = Pn—1]P.[1] = P.[n—1]P.. 51# 1.5 F1 1.6, H1 (2.5) AT,

nO n . nr—l
An® An - Anm!
AQnO AQn .. AQnr—l
Ar—an Ar—ln . Ar—lnr—l
= P, [-1]V:[n]"

P.[-1]((P.[n —1]S,)D,.PH)" = P.[-1]P,D,(P,[n — 1]S,)T
Dy(Py[n = 1]8,)" = Dp(Pr[n = 1)P([1] © S,-1))"
= D, (P [n)([1] @ Sr—1))".

R, (2.8) AROL. O
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TS (2.7) M—LHAMRE. U n=2K, (27 75N

AT = T'Z ( )2’" kS (k, ). (2.9)

ERATA R m- BT FE B, TEN ¢ RS B, BATE —A—— X RS
M Aar, .. apt B{L, e} BRECRR BB r — 1 HIRKITE {ar,...,an} C [m] MEE. &%
f{ar, o an} = {1 ey A BRSEREL AT F A3 — Ko r — 1 0%

Uy e v 2t e c AU 2o u

XA MR PR, BATE WM IE. B4R, B RR B r— 1 A0S R U R L. R, IR EE A A
HEET M Aar, . ay BB {1, e}y FIBSERR B ANEL, JRR P18 (R, r). T2, XTI {ar, ..., ar},
FAIEA r1S(k, r) DRIy r—1 (8E, BOIFIAN—TRUIEEE N r 8. N [m]—{ay, . .., ap} FIEHL
TEEMA {ar, ..., ar} BRI 2m~F MORE. Feltth, WRBEATAM n] —{a1, ..., ar} TH
FEMICE, F"J?idl]E%Elﬂﬂﬂ)\lé%ﬁfjjﬁﬂid\m?a RONEATAT () FOTEM [m] HIEE {ay, . .., ax},
P& By, TR r EER N EON

Z <k>r'5(k r)2" " k— Arom,
k=0
Woa,b o NSE n NAEEEEL WH Newton 2430 18] Af#g

m

(2= a)" =0 [N (@~ a) ams ),

r=0

18 (z—b), MARECN S(m,r,b—a). EWFNEASE o f1 b 28 35 Riordan-Stirling #L. S(m,r,b—a)
FESCHR [14] HEIN, FFESTHR [15] HEL b = 0 BT FCE . AESCHR [15] H1, S(m,r, —a) FRHN
EHpoty Stirling 28, T2, ATH

(x—a)™ ZS S(m,r,b—a)zim . (2.10)
R

M (2.10) 775
S5(0,0,—a) =1, S(m,0,—a)=(—a)™, S(0,r,—a) =0,

HArm e ANE, HH

Sm+1,r,—a) = S(m,r —1,—a) + (r —a)S(m,r, —a).
[Ar(x - a)m]r:() = [ATxm]x:fav

1
S(m,r,a) = —'Arscm ,
d
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Rk, S(m,r, —a) BIRSCHR [16] o5 XEL A, (a). FEH, S(m,r,b—a) 2 (2.6) FIF 78, 2 (2.7)
16 n =0 W FIRFIRIE .

e AR SCI D5 4 th— 35 18 55 AR R 2K

EIE 2.6 (EZ]

n ) ) Ak—npm
; s(n,3)S(E+m, k) = = n)

AR R A _ _
1™ A2™ 0 AnTlpm
1! (n—1)!
R 0 9m ... A'am
S = (n=2)! (2.11)
0 0 .- nm

EOR R A SR T B JERN S 3K Stirling B L B M R &, i BB AT, A8
TR 2 BTERR.

3 X Pascal #8fE51 X Stirling X R

L (@) i =z(@+a) - (z+(n—1)a),n=1,2,..., FHNHTAEE o ) 2 K] LB, Kb,
(T)p,—1 = (@) NEHIEFEINTE. (2)00 = (x)o =1, H (2)n0 = 2" 3CHR [11] HH T (2)n.0 F—LEH
. N R W, A B PE B 2R i R

Hsu £ Shiue ' 5 X 7T~ X Stirling #t. He M FJ™ X ZEEH T X Stirling F &k,
Bk [11,12) IWFFT 7T X Stirling 20— RAIVER. |7 X Stirling 20 VU PR SRVE AT 7ESCHR [11) 15

EX 310012 NIEREEL o, B Ry NSEEL. | Stirling 2L S(n, k, o, B,7) & XN

ZSnka,ﬁv (x —Y)k,—8- (3.1)
k=0

e, 2 (o, B,7) N (1,0,0) F1(0,1,0), W S(n,k,1,0,0) F1 S(n, k,0,1,0) 5> 5 AL 15— —
B Stirling .

EE 3.200 W on Mk ONAEURERL RS o, B 1y AAERE, ME ST (3.1) M X
Stirling ol Romh

S(n7kaa7ﬂa’y) = ég<x>n,fa |:L’:'y

61}k|Ag<x>n7‘1 :[77’Y+57"'77+k6]<$>n77a7 %l 5750,
= ' = (3.2)
D @ | %5 =0,
[ o

Hep AL RBASH 5 T UEERT, IR
ARF(t) = DA f() (k22), Asgf(t) = f(t+P) - f(1),
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M [tt+B,...,t +kBIf +& f 45 {t,t + B,....t + kB} W k Br¥92E, D F R F 10k ISH 4
(o, B,7) = (1,0,0) M (e, B,7) = (0,1,0), W73 54H

S(n,k,1,0,0) = s(n, k) = ED]C( )y

=0

Al
S(n,k,0,1,0) = S(n,k) =[0,1,2,...,klx" |z=0 - (3.3)

IR 3.3 M1 & n Ak ONAEREE, RS o, 8 My dEENE. BN B #£ 0, WE ST (3.1)
(K] X Stirling H0E 10 K =

k
S(n,k) = S(n,k, @, B,7) = ;'gg () (k= )BYa (3.4)

Hrdn#£0, 1 S(0,k) = dor, N Kronecker 1c.*5.

N EFE 3.2 A1 3.3, BATAIGSCHR [4] FFRISE Y TR X Stirling L.

EIE 3.4 oo Mk AR HESH 0,8 F1 vy EFEAE. Blla=~y=0, 0] §#£0, H5E
XF (3.1) () 3 Stirling $ S(n, k, 0, 3,0) 5 /& 5 1 ) B e

n—1

S(n,k,0,8,0) =Y (" ; 1) B8 (0, k — 1,0, 8,0). (3.5)
£=0
MEER o, B vy AEENE, Ha=y=0H08,3#£0. K (3.2) 1 (3.4), FAT K S(n, k,0,5,0)
5H

S n,k,O,,@, —A n,
( ) ﬁkk' ﬁ< > 0 —0
1 1
Ak n _ Ak*l n—1
ﬁkk" JERS o 5k—1(k71)! g T s
1 k—1 n—1
:w%@fmA3“+m -
n—1 _1
51@17 Ak-1 Z ( >6n_1_exe
z=0
n—1 k—1_»¢
_ n 1 anlfé AB z
2\ ¢ B1k—1)! |,_,
n—1 n—1
= ' )ﬂ” =56,k — 1,0, 8,0)
=0
5E AR O

B S Pascal FiFE, JATANKGEH 3.4 K45 R 5 AR L.
it 3.5 W P8 (B #0) AEXT (1.1) B~ X Pascal #FE, i n Y7 [SG+ 1,5 + 1,
0,8,0)]i; N S, A" X Stirling HiFF, A TH

Sp = Pn[ﬂ]([l] S Sn71)~ (3‘6)
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WERR ST i f g, 0> 5 >0, BN (1)@ Sn_1) W (4,5)- RN S(i—1,5—1,0,5,0), M (3.5)
CIE=}

i—1

(Pn[ﬁ]([l] 2 Sn—l))i,j = Zpi—l,@[ﬂ]s(&j - 1a0a550)

£=0

— [(i—1 1-¢
— niisg,'f]-vov vO
Z;(f )5 (0,5 8,0)

RS, O

FEFESEIN (3.6) RT3 Stirling #5 —IABCLZ ISR, i BB A, A8 K E 2 1
PERT. Bin, RIAHER 3.5, BATAIX) 3 Stirling FFEEEATAES 2 FTHRIBIRT AL Stirling
FEFEI AR, IRT R, JATAEIBEA.
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Stirling numbers and the Pascal matrix function

HE TianXiao, LIAO Jeff HsinChieh & SHIUE Peter JauShyong

Abstract A Pascal matrix function is introduced by Call and Velleman (1993). A decomposition of Stirling
matrices of the first kind and the second kind by using the Pascal matrix function is given by Cheon and Kim
(2001). In this paper, we introduce shift Stirling matrices and their decompositions by using the Pascal matrix.
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Finally, we extend our discussion to generalized Stirling numbers and their matrices, which were studied by He
(2013), and Hsu and Shiue (1998). Matrix equations presented in this article reflect the relationships between
the first kind, the second kind, and generalized Stirling numbers and the binomial numbers. The expressions are
succinct and helpful to find more properties of Stirling numbers.

Keywords generalized Pascal matrix, Pascal matrix function, shift Pascal matrix function, Stirling numbers
of the first kind, Stirling numbers of the second kind, Stirling matrix, shift Stirling matrix
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