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MEFET RS K PR FEAR T2, AHIA BARATSRAME LA BRI R 4 g | (131)
1 H she g AT ST 2 i o — AN 1, 75N TR REAIU, 1A gE i gn e (1819 g1
P IR EBHET S G, FT — RV DA TS e i 2 AR )51, B34 6 H e 2R 2 E
W TR TR, B TR B (AR A (2021 IH] ) s (O RR 7 A i 2228 [ R ) 2
FC, LT AE— AU 2 1B S (domain specific language, DSL) 24 _FZmfE SRR REEE A H 301k, AR
T, X EERR I T H AR B3 DSL B5E X, 2 U, K ISy B 5 0000 R i B R 55 5
A IR S IX — B D IR AR 75 BN KB FOR5E . 73— J7TH, DeepProbLog 2], Semantic Loss 1261,
DL2 27 5 5 AR B FF5 A0 5 AN 28 I 2R 72, DA 4 I TN PR e SR 1T, GX SE 55 iR
[FRE 75 BN R ORI, T HLA 28 ) 25 A58 3 DL IF A5 I B it 2810 B 7 N A i 1 1) 2
b, IR ECHR BRZ A RAE T R BESL I AN 2 I 28 5 75 5 U (1) <Al BLAZE, AT BUEA RA 1)
SIANHERE I 2502 5 R 2 R

“FEEME” (uncertainty) &P A LG M ART T 2 WEERIRBRER — AN OCHE. FE0 2 P2 pf
K575 RGEAEM AT P IR R R 2 — 7 T, R SRR A B 5 () @A B 5 R IR
SE B, N KA TR 8 55— 5 T, PR 2% 1) 2 S i B 2 5 NBEALE, 5 an BEATLRR T
B . Dropout 7 ARG (29301 Juft 28 X 266 R4S HH I 4 R 3001 S oxof A e PR A B2 5 SRR AN ). AT
FET 5 o) AR, AR e MRS Ut A & T HA BB R s MG 2% 20 H bRz . T HL 323 B #4224
2 S H AR H AT T AR R RS A HEL, I DAL R 6 ECEE G 1 IO Ak (81321 JE R e
o NI R A T G h B S T I 0 P A e 1, DA A B U () m o B L T R T A
AT G, SR, ESE G PH A M ZS B S R/ 5 UL, Sl o 3o AT 5% I I, X P MHEE
FNZ AR e ML F T 2R R TARK A 1) R, — 7 T, 20 X 28 )1 Sk 22 i A I AR P B, B
BR e/ MCAEIIR, FELE G SMArT S thd B, WHE DB Z SRS (W 4 7)), f£
RN PR TE S5 R IVEREAE; 7 — 71, N THERR 7 Ak e G MRS R g, M LUdEE BT
B B 7 SRR 22 X 2 AR E S (R 25 AR ELAR HE, AR OK LG [ #1775 52 S IR, Rk, nT LA, “Oif
B AR T HE BN AE e T BT &,

AL EALE LR e YR LA, BON RS — 8 MR T um BT SRERT S 2 2T
FRPA. FETEFTERT I TAE B3~351 SR IR, FRATT o S A58 AR v R B0 A A g p 8 5 52
SRR — AN XUZ AL m) L, F DA 8 <o 0 57 ) B D0 BRI b 1, DA R Y AT S <o 307 2%
SIS R B A “HErfF T DU AT 5 A . X —HEZE T, FAIZRA T IA B
755 2) TAE, CLARRA 18 B A AL A s A T DR A A BT AT SR A CE B [l . A2 bRl B A1 f
BN PR RETT IR MRS 5 ) U I ST SCERE R S E G, PR SRR AL HoG b 2L
B PRS2 2] 7 T ) O I — B ZRIR BT 361 AT R A SCE I FIRAESE, RERE i fR it
— AR ATIRN N RS, [R5 A R T B A 4R p) e 248 5l

ALHFIHREI R, 2B 2 WAAMERTS 280, amBlhn” L5522, DL FIXUZ 1k
IRRHESE. 28 3 PR M RT 5 HEth ) B HL  EEHOR R e BT EAISNE 7. ATE
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JEBE AR TAEM T, a2 7 g4,

1) B, MERT S R GEA E N H IR AS A T A R A 77 3, R R i Bl ). 0, FERF SRR 51
TRIESA 2], AT 5 KR SR ER L o > R G55 (191, (B SCHE| S 21 O A 20 75 55 2% S R T e, IXA U T BB AE
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At approximately 18:00 on March 18, xima 18,y roo oo
2015, the defendant sneaked into ant sneaked into | | Burglary v/ It is recommended that
sof Ce some [ the defendant be
stol caffold clamps from the @% b o 3 sel
site, ed at ¥252. ! a . ' a one
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Figure 1 (Color online) Three examples of neuro-symbolic systems, performing (a) visual Sudoku solving, (b) self-driving,
and (c) smart justice tasks, respectively.

2 HENSRESHEFSFES]

2.1 MHEFSRYSE

N BETE - F5 SRR, A — Tl ] 50 AR 2455 R 405 BT-3812);
RGN A S — A PRI F—A> RPN Mo $h e [ 28 P AT DL — i
W28 B 2 22 A M 2 B SR B, B H A ST B SE B SR SR UG B, IR s B S
(). AT U, o0 X 2% AR R PR T B ) R A2 56 M L8 Xk LIRS i 1838 ISR 55, Bl R 26 B
W EARE AR AE PO~ RS R DL 42 0 28 AR 4523 A ) R en 24 R A N, il —
RYREHARZ R HER, A M R AR 75 LB AT A 2 Ah Sy 3, 5 n £ P AR 7R
RYL. SMT Kifds, BNRE Z bl R e S U2~ & 1 g5t T UM 5 Rl 1. H
B 1(a) BOM AU AR — DMIPZERT S 24 2T I T BRI AR BE SRR U SERR T R B 1(b) A (c)
W73 A 7R T AREAT 5 R GE H Bl 2 BNV BRI AU RN 5. BeAh, — S qT 5 R G AR
SR N T AT LS5 SR [45).

TS5 KRG80 KAE T MG AAT 5 U AR PE S, IMAEVF 2R & 1 R S HERL AR 55
HRERS R AP RO TERE. B XM, RGAEALBE N L 2 BE IR AT S5 I, AT e 2 o 4%
AT A R RS AL SRS 2GR, 51 P15 20 SRANTE B 000 RIS, 78 75 2T B R R SRAHE R 1
S5, FF 5 MU S A S AL WY A (0 12 BB 2 A TR AR ), AnAE B B S B S5 EAT AR R DR
MR T e AT S HEBEL RS, MRS RGNE T AL ZIEBE ISV HH T 1 A, (B AT 4

2) LTS R G M AR SRS a7 2R AL G T7 . TSN A T 6 MRS Ratss
Fe 170 AR ARSI R A A A A B T 5, 35X 6 AP AR SIS T LUE 45 D A il S % 3 A R ) 5 1 A2

it L — ANRRE AT — PRI G 2R 8T OCHR [38]: 22 0 2% AR A SR AR S FoT000 4 [ ) 1 3 A bRkt HLAS K A 0
FERRGE R X AR FATRENE R — LSRR IR AT 5 RGBS AAEZE 6 FIxT AT ITie.
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3z F I A BT 8 A TR E 52 21 R G, AT S R 50T B S U (15 14 R0 T A R k.
2.2 MWEFSEI

PR RS2 ST H Wl LR SR 3 77 20, B a5 KRammdid R asith. Bk, X
X, D, Z AR (JREE) NS, () s, DU (B fF5 . 4, Mars 24
ATLARIR N & 3 Y (B, Fh e g B S — 3 B fo: X — 2, TRF S AU A H s 3
R gp: 2 — V.

Bl 5 23 (&R T W& MBS f5 5 MU, R EfEMEARS KRG 2 0HEE. iTUIEE],
BRAEAR € X FIRANRZE y € Y vl LGOI LAAE, W A IR s 5 23 [0 B AR %S 2 € 2 [FFEA] LA
SRAS, TS0 28 RN 2% A5 e AN S BB m] DAL ST M SBR[ ShAG S X TR B BB £, BTT 525
M AIFRVE 2z $R4E T BRI B 5. 45 G X RN I RE A e, 38 FH 0 B 2% ST R ARl a7 LAY
S B R TR 2 SRR XTS5 MU g6, BTS2 MIIFRE 2 SEPR bR AR L 25 A R R
A, GG R A AR y, S BLRAGE H gmFE R 19 DARR P& BB A 146) [F)RE mT DAAS 21 22
SRIPZHHERL R G, Heh)iE UL, BTS2 [ ]R3 BT, FRATT AT LA 5 AN S Ak 1) J R 3R
TIN A2 [ 8% B 1 R 7555 R DU AR B ) 2 3] -

0 = argmingecg E(z, 2)~p, [(1(fo(T), 2)], ¢ = argmin e g B2 y)~p, [l2(94(2), Y],

Forbr 0y, ) A Lo, ) 23 IR AR 22 P ARSI RT 5 J A A 2t 2k

SR, BT S 2 [ AR ZEAEAEARHY & Bt HL 7 ZHRGRASURFIR. Billn, /£1& 1(b) T B3I BT
55, MR IR B R A T E 7 ming WERKEFARCER (BRRZ0), kKR H R E
1.5 h U7 b T 1(c) AR AL S5, KA R AVE T L B B AR A B, A0 AR, Jf
HE G RZBI BRI BIZR, AR AR & 510, AR 5, H 22 18] AR 130 H RO TRl #.
XFFHTIR RPN T, 78 B S B BRI AR R B R, XA H RN B 015k
TF BB AR AT R, X ARAR R BRI (0. RPN TR A SR 55 v, a2 1A (RO AR 102 B 25 R M) bR 45 2R,
XA AT DA B AR 2% L ARCERAG 2. o B AORREEAT 5 52 5] IR — M RE S 8t G & SR K R AT 5 %2
BRI R R BEHOR.

“i B APEATS S A A EEREAE T, MRS I MBI @ AE, W] DA e
TR A 24 5 AR (0 2 SR RN —J5 i, 0 BT 5 23 AT RN TR B R {75 £ o 45 4
BRI ZRAR IR 5, (H AR AE AT W 8 I ZRad RS T R WA S5, I EA RS AR 47 & I ) 8245 5 4
B 07, N TARERBER RS A EA L, RS AT S AR DAL PR iy T E
VeSSBS . RAh, — RPIRGIA BRI SEEG (55 48~500 LB B MR I 2R &, AT BASEEL
CHMER I RMART S RGBAAPERE NI A EM I FE T S NS HERE AR, REBEHR SR
P 2SR (R A 5 T A P A 28 P 8 BT B Y, ] DIOBREAT S5 R B 27 20, 9 BRSS9 IO 5 00
VUL R B T 5

gk b, W SINRAT SR 2, FATR AT 5 5 S 55 A X P ER R 1B A5 ) 225 i) AL

0 = argmingcg E5 ) [l1(fo(x), 2)], ¢ = argmin g Bz y)~pll2(94(2), Y],
s.t. 96(2) =y, z€2Z, s.t. z = fo(x), z€ Z.
Faff 58 2 M E TR MR IS TEME NSRBI, WBHMES 2z BRI
B E; AR S NS AN ZRE RE R, BAFEAS 2 S R S AR B 1) iy 1.
2.3 MEFFSFIMXEIEL
FE BN, AT 52 W (P) & — MW MAG i 552 MR SR B M R, 1%
RIS AR TR DT SR AR A M 15354 X AN H b, Bk, R A AU AR, e

(P)
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—/MEEER B ME R A AR, RIS B PAT BB R AW, (EZ R RSt 2 A A7 R, filan, 1R
I (] LG BRI B (ming 2Ty, s.t. y = argming —2Ty) b, & B/ MU NG ]
R B5~5T18) A, HAF— Rk AR TR ZEH A MU 7 ), 3 SRR AR AR I, T EL, S
BRI, IEAC T I S AR I A AR 3 A FE A BB R, R R MR RE. B, MOKHTA: i ) 2% 158, 59
I ZR ot vl UGt W SR DI 2Rt B v B 4 e /M 40l 38 R 401 2K R 8, 45 31 e 040 0l 38 S T A e g2
BEE B R S, TS BUE it i 160~621,

TERT IR BITEIE T, SRAEAUZ LA 1] R 5 A 2 H S 3 722 A B iR B I (63,641 oo 7EB I& 1)
BT, B ARG /MU AT A R I 28 MU S0 2 (65~670 g HL, 28 B i T B X 75 B A R pR B
BEEE, HATa EERMARIMA UG 0] 3, DR AR R 3 T vy, S B B2, i — R A 7T DA K SR 3R
B, %51 B AT s T LA AP R 165~70) Xtk H AT A A L H A TR — MR R 5RH
s/ MU, A8 B H6 RE T B s g 7 PR AN (B AE B, DRI B8 76 Ul Zhad A2 v 5] N 22 401 2k R 3
I RS HEUS 5 2816 € WA SR DA S e

{HEDMG A BRE N BRIE RS TP AR5 22 2 8 (P), AW/ ZE Mo (1) Wk BRI
AMATARE 5 FRic 25 (8] DU B AR 22 28 I 25, DA (i) an e B AR A3 -5 240 R 2 TR A LA SCRFIE B2 1 B

BRI AE (1), 5 RS 20 X 26 AR R 1) 1] 5 i) R

0 = argming.g Bz y)~p[l1(fo(x),2)], st. g(z)=y, z€2Z. (1)

I R A% O VL R ELE T4 5 (0] 2l 2 BT, IF His 2 g(2) = y IIFFSHATIRIEAME—. 12
O SRk, %R B T RO PR TS L A 1 (symbol grounding problem) 7471 BHM F&, &
AT DI RE— AN IR AR T3 28 T [ 0T AT A5 S hmid, PR TR — o] REbRic 45 Rt Bk sk 4k, L
S VNGREE F R, E T v SRR B AR, XML T S Bt 2 [ K ANA R kY, Horh v 3R
INIGRFEARTIANEL, Tk FORTAIAT RS AL, Bk, XAERRE RSS2, HEME S
LA FEAR AT AT R 5 hR 10 I R B 2% B AR B il & #P-hard [76~78),

N T G /NFFS b ) R 55 2845 8], O R R SR BAE DI 2R FE 51 N8 AR ST 25 S hmid
IR € PR AL, SR 5] SATINERT SARMC R R, B2, SO — RAIWT 70, i T HOomisi i -k
e PE X 2 S U S Bt FE PN “HEFRHEAE A R (reasoning shorteuts) B3 7O~81 . 7F J5 82 &5, &
ATTHE o 6 B P B R 20 AT R U B A T 2 A 1T 5 5 o) TAEME DU RO fif DA PR AT 1) L AL
AT g: 28 IR 2 RS R 25 1) S B B A T T ] A B AR A o 1, B0 B 3 0] P I o 1 o 75 5 42
ORISR, SO 2T b e T O R AR ASE Y R e A T e AN HE R AR

PRI AE (i), 25 ST 5 MU R I 25 ) R

¢ = arg mind)elb E(m,y)ND [62(94;(,2), y)]a st. z= f(ZB), FAS Za (2)

Hrp, N2 ¢ € @ SLbp ERIR— R EIZAEEAN. Ha)ih U, 775 RN I 25 m) A
Jot bR A3 AR BRI )5 R ). 1% )RR A O SRR TS8R W) @ 2 AR, BRI TEVE
AP T ¢ BB, AR, O I TRl 55 28 0T i 2 A, I HoOvBE— 2 U5 AAH
RLE AR ENE (AR OB B 73 5. FEIXAE AR OL T, 5 T 1248 LI 2 ) (4 2 HACHE 2 il ROl
PN T R AR 58 1 AR B IR SO AL ] R, A 06 B BRIk RES A B4 SIE L.

BATRIZ— At — BRI RERR Oy “RIBIAT 5 2R &K (differentiable symbolic constraint
synthesis). {E32, fE AT S ARG KT, ZIE S8 0 & 8% I WHE. tRSEEFACK, Ao
TCVE T3 EE AT G I RN, S I R DL R e R IRCR. ez, RS Heas )i/, IBARF 5 HE
BRI RIS AN, FIRECIER B RIS R, 550, AT & R BT S HERL R R e 2 2%

3) MR R b A KB Ak, BsCE URME R E R <miifr REE, BUATRERAN «BTJ] - £k -
A5 = B97) — - HIAEE.
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BT UL, 4T RRIE FUAT X 2 A AN R B SRR 25 40, 0, /R 1) S/ BTIGRIE S, DR R L)

S, WO AR TR T R Gk, AT, JE0E VRS B AT 5 HUN = 2 E B R B — 5T
LR AN R B Z AR A, DASE 24 BT 3051 NI 58 1 DA RT3 B0 48 2% e, 2 v Lt B
R T T3 DB INE R BRI E 1, DS BRS04 -5 J0

3 HEFSIE
FRATTI AR EE X B R I 5 0] O, 7R 8 75 5 UL g BB T, JATA
0 = argmingeg E(z y)~p[l1(fo(),2)], st. g(z)=y, z€2Z. (P1)

EEFEARS (z,y) N, g(z) = y HIMFIFASHE—IF HLARAS )2 v LS5 R A0 BB, DRI, pige X 45 4
NGRS (Py) MR NMAEFF ST (symbol grounding problem): FREIBLG fo: X — Z,
X T34 D ERFEIFER (2, y), WG 2 = fo(z) BEEWEFFTLANR Sy = {2z | g(2) = y}. It
Ai, AT FF 5 22 B AR IE 2 FRIEDNFRZS (pseudo-label) BiE PARF 5 #2 (pseudo-grounding), J H¥4
W RS AR SHM 2 € Sy BRNFATINRF S 3 (feasible pseudo-grounding).

M SO 7 B TR (1) “BUESHH0 (model counting) B2 559071 (2) “Hoiiiz
47 (fuzzy logic) B4 85 PRI EL A% O BARRORAE T — b i 58 (B0 fo() 51 S,) HOREBSBLHUE K
BRIEAR R - 5 (A fo(z) 5 2) BURREL ERAMY, —F M B TNAR E 1 Py(z|)
REBEH TGS R fo (), FeHATH FIATFERARM Po(z|2) 1E S, LHISIMEZRLIR; T jEE oL EZE
XIFF /M Po(z|x) 3 S, HIEEES.

3.1 BAETHSE
Sof FARAL T HO v, B — Bk @ (Py) S A

0 = argmingc Bz y)on [((0;2,y)], ((0;2,y) := —log (Z Pg(z|a:)) , (3)
zes,
Horh Py(z|@) RARME MRS 2 WAL, MOV TR E . AR, 1BXE
IR R BRI AT Po(2|) MIART S HH 2 REEZE B /F 540K S, BT HUALLAR.
I, TEA Sk B0 i) X (3) WHRRNZE & 2% 23] (learning from entailment). 7E1% 66 EULLSA R 2K
IS, RTEDBBF AR S, WA ITER, Xl WP yBay 4.

TEL WAL FF 522 SIHESL T (640, DeepProbLog 2% Fl Semantic Loss [26]), SEEUBR T 75 &
SRS AW S,y TS B ext B =0 5K (binary decision diagram, BDD) [87:88] alizg 1) 20k 5
K] (sentential decision diagram, SDD) 8991 & 2 DI 4ERIAR (AAB) Vv (C A D) A, 44T BDD
A1 SDD W HEMAFRHIEA. it s)E, ENZGREET, S TR v, AT SHN 2 € S, #
A DR SR PO AR5 2. HR, AESERRIEILT, 32 BRI Dk S B B RS R /D, e S8 1 ) bk A 1 4
AEAMECASEIL. BRI S, 3R BRI IGR T (1) miREERA R, REXTTH A Z R, 32
H T — R R R XLk 58 B 5 i OU ARSI RO e TSR A IR, (2) 2R S5 M) & 2% 1.
BEEAZ RN 2, AR ERRE AR, HERSEE L, ISR K, 7 kA SEM HEERAC

NT B SR B B R0, VR 2 50 A I3 TR P A 28 o 28 A58 25 P T 00 R 2 st ok 556 A 1
B 40, Scallop P2 FRAEALAY TN ME R IE H top-k HIPTAT R 5 MRE S, 5845525, DPLA* 193]
£ top-k EFEMIEEAE b, TIN A* BE S RIS R IX L0 @ ME2E A 54 e 45 5, A-NeST 4 $2 )l gk —

4) TEGERAR, RH R FEAGRFRIRE 2 SRR, TR 53 24T 5 LR .
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[cID]  [xCl4]

(a) (b) (©)

2 (MEMFE) FSARMRRERE LR, BEFREX (AANB)V (CAD) WMEE (a) Z5REEM
(b) AIFRKE; (c) EF ($81R) REFNLR 2+ 3 x 9 =29 AHNEETEN LMERNE.
Figure 2 (Color online) Decision diagrams and search of symbolic constraints. (a) The binary decision diagram and

(b) the sentential decision diagram corresponding to the logical expression (A A B) V (C' A D); (c) the back-search of the
arithmetic expression grammar tree corresponding to the (incorrect) model prediction 2 4+ 3 x 9 = 29.

AFHRZE AR, LB TR IR 3, 5 Po(zlz). 20, NGS %] S TR U 5
HRIF A, P S R (back-search) R AT{TAR. [ 2 A H T NGS HEET S AR
A — ] o, 24+ 3 x 4 = 14 BRI 1 2 4+ 3 x 9 = 29. LI, NGS did /&8 k) @t
AN, MRB| 7 i IR FMBIE 9 — 4, ISR 7 IE# T 5 Hth.

5y — ARSI AT B0 T SRR A R AT AR P (satisfiability, SAT) (96970 DL A 2 VAR FE 12
(satisfiability modulo theories, SMT) [98:99] 3Kfg2%. 511, NeuroASP [190] F1 SLASH [101:102] i F f¥) [i]
E AR L H Clingo 103104 FCRI ] SAT SRAR#S LR — R BB #R A R SLUE Y T4 1091 Bkt A
4k, ABL %6 f1 ABL-meta 1070 735 F JE B AL AL T RACOS [108], LUK Prolog £ PRZ 442 T.
B cLp M09 spgi 75 29 AR 1) i & . 34k, SMTLayer 1101 K Ji5 1) 48 2 A e K ml il 2 PR EE 16
(MaxSAT) W12 AR S5 T4 2 0 £ R R 2 i R 00 45 51, FI A MaxSAT SKAR#SAY R TAT .

B P B 3K Wy S 1 7 SEIAFAE B GG, — 7, BARGIN S R AR RE B e m R, H
WA RS R A R VAR KW Z. 55— 071, R H BT HR RS D27 mRk, (BB i s
T AR TN 2%, A 55 25 A Bt 45 AT AR 2 TU AN T Re . Dtk Li &5 B4 a3 LA
P& H A FH 5 1 IR AT R S RV SRR RO (113, 114] (projected Markov Chain Monte Carlo, projected
MCMC), ¥ MCMC RAEM SMT KESAHL &, SCBUE USR8 K 3 4l 1 #58 S/R ] KBk
SR RIERFE I — A7 B Horp) BRI S 2N Sy = {2 | eval(z) = y}, 2 € 2 FoRfE
B4 ML LM R A R DU ME A R, eval(-) FoRPU NS A THE R EL. £ %67 bt
AR y =42, W\ DHIEAATRFSHHIT IR, B0 2 = [4;x;9;+;3;+; 3], N T AERF S 2R P23l
MCMC KA, B T([z1;- - 5 27]) = [225--- 5 2], MWEFE DMEJE DT B4, ZAPR
Bz = [4;x;9;+;3; 4+ 3] WM E] T1(2) = [x;9;+;3; +;]. BELEISFFS5 Bt 2 0 B A R 10E 18
P 05] (connectivity). 2 FK, BEANVESIGE 2 — AN s HaEy, B, ¥ <o Bz 9. &Ja,
] SMT SKAg#s LI 5, BITHE AR B 7> (140 4 x 8 + 3 + 7 = 42), MIMIA3E]—HrHIw]
TR .

3.2 1EMIZIEFEIA

AFEF R BTN 0(0; 2, y) 5 OV AT S SO BUBUR, BORIZ AR 7 ik B e 2
AR Po(z|z) RS LR S, BITTEEE. BT S, X T A —PriZ e Uik )
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T Unconnected solutions
in high-dimension space Z

Z = [4;%;9;+:;3;+;3]
. N :
z'= [4;x;8;4;3:+7]
+ !

Inversg projection

iProjection )
! via SMT

Random walk in
low-dimension space Q)

3 (MEIRFE) ETHRENDRA KSR RIERERA.
Figure 3 (Color online) Projected MCMC sampling technique.

Fg R S, BOIE TR —EgmEDAN, K G H2 48 R 1 (logical atom) ¥ #i Ayl R &
PRI (membership function) 116171 AP HEHEH (logical connective) Ml 1A (logical quantifier) %
BRI Taa FAF. b BB JE T 1SR R HO8 B AR A X 28 ORI TR AR SRk T H B, B, R
a:=(z=[4;x;9+;3;+;3]) XFEAEBRIETHENN 6 = Po(z = [4;x;9;+: 3;+;3] | o).
XTI AR ERAR PR, A MM 5% ) R 2 AT = MIEHL (tnorm) pR%g (118,119
FIRR 2 8. 6140, NeuPSL (1201 A1 DiffLogic 21 J&FHER HZ 4 (probabilistic soft logic, PSL) [122],
{8 H Lukasiewicz — ff {0 250 #1245 1 45 1] HR X SRR HICAA ZE A 0T R 1) 0 L, ) i 0 o 2 IR 4 AL
RYIZRREE, MG, DL2 270 R T AR =AM 650), H- b BUEHR F e e 7 F sk, H2,
XF RS K E BT 5 A0, SRR = M TE BRI REAAAERR BEVH R IR 1), [RE SBR U281 53 4R5I N T %
K/ FNZHAIEE (WP Godel =HMIEEL). L5 FRTIR, WD 5% a2 4R i) 11 U7 N &5 4 °F

Lukasiewicz =AU ay A ag := max(0,a; +dz — 1), a1 Vag := min(1,a; + ay),
HE%T@%& a1 7\a2 = a1 X asg, a1\7a2 = a1 + asg,

wK/ /N HEEL a1 Aag = min(ay, as), ai V ag := max(ay, as).

X ISR B, ORI Sl R A i M i KA T, B

Vu. (u € U — a(u)) := Lnellrjl a(u), Fv.(veV —=al)):= rglea&(a(v).

5) FEJRARIAR = fuh, HrifUE R (A BUE N a1 ¥ ag == a1 + a2 — a1 X do. DL2 FHLFIUELT a1 Vag =
% % 65'1 /;%ﬁﬁ1&%%§x%ffhﬁﬂﬂﬁiﬂ%$~ﬁ, (ELRJE 8- TAR SR I — 122, FFoM R AL, JA 14 DL2 B &)
i = AT
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Sy(2) = Amon=t,... a(Vozt,...a([Z, Y]mn = k)) 1 3[4
each cell should be in {1, ..., 4}
Amw=1,...4(Vn=1,..., ([2,¥]mn =v)) 1 3
each row should fill {1,...,4} 2
Nrw=t o a0Vm=t, a2 Ylmn = v)) T MO A
each column should fill {1,..., 4}
Ari=12(Vo=1,...4 Nmn)eB,, ([Z,Y]mn =)  Bpy = {(2r +4,2t +j) |i,j =1,2}
each block should fill {1, ..., 4}

Ela HIh (4x4) BFSAR Sy(z). BFBE [2,y]mn = v RRE m 1TE n FINMTZRERER v; FSAR
SAUETRE—NTELAE (1,....4) LA, URE—1T /51 /S0 5085 (1,...,4).

Figure 4 Symbolic constraint Sy(z) of Sudoku (4 x 4). The atomic proposition [z,y]mn = v indicates whether the
element in the m-th row and n-th column is equal to v. The symbolic constraint ensures that each element must be within
the set {1,..., 4}, and each row, column, and block must contain the numbers {1,..., 4} exactly once.

£ SBR [123] vt AR o W PR fie I B 14 SO (BT B, DA s o 28 Do 44 AR 1

Yu.(u € U — alu <U|u€ZU >

XAFAF AR B 5 B — AN AT RE S I S Ak, FEBEEEAS b, DTN (124125] g — o — i
BN CME, IF B B 1A S AE EO A DR — 2

Vu.(u e U — a(u <|U|Z > v.(veV —=a(v)) = (|V|§ )

uclU
L 4 4 BOMAE 5 0B, A8 FISRAR = MVEHL, Bl oy Aag = Gy X g, a1V ag = a1 + ao, FFREIERIIZH
JT AR 5 U2 P 28 A RN SR AT i e e 2. & 4 o, BOMUE 5 Hh %'Z*JEETLJ B A
753 (conjunctive normal form, CNF) KB, KA R T (2, ylmn = v BRE m AT n FIKIGER
BUE RN v, HXS RS JE B R 2 i 2 N MR RTR Po([2, Ylmn = v | ). TG, BB 4R T77%
PR 5 N A A R n T 457 2K BR 4L

6(0515;9) = H < Z PB([zay]mn =v | a:)) X H ( Z PB([Zvy]mn =v | :c))

w=1,...,

X H ( Z PB([zay]mn:U|w)> X H PB([Zay]mn:U|w))a

n,v=1 m=1,..., 4 1,2,v=1,....,4 \(m,n)€EB+
BE— B IIIETG 1~4 BB IRIET 1~a
B ={(2r+i,2t+j)|4,5=1,2}. (4)

UEAN, A — R TAERE FE U] s Ao 12 48 e A0 5 4 2k R B B, 188 TR I N 2
FIFEATA TS, DA ARRA B 45 V2 AR . )40, DeepStochLog (1261, ENT [127] il SPL [128] 5] A\ fif %
AND-OR % (circuits) 129 SRELHUBZ H1HH AT L, J?Ef]ﬂ*%/\ﬂ%f’lfjjﬁ‘ﬁ.ﬁ%ﬂ)\ﬁ
LA, DLSCRES — AT ) HEBR AL S AR 7. 8 5 4 T —/MIEIBRERIA (AN B) — C sl
AND-OR M Ef)7rfl. thab, STE 180 5] N7 —ANEAMPPIRESHRE, #3X (1) o B&Esfert 5HH ff s
PSR ARAT AR, R GPU FRATIE T3 (ECHRASHE B 1 0K /)N B 1) R AR B A F R B G A, Ju i ok
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03— A 0 A— 061 0
0.2 ¢ 1.30 ¢
07— =4 0 =4
— 1 1 0.2 0 B
0.5 BTD TD 13 130
0.5— =B 0 =B—069
0 =
03— 4 0.15 0.88 A_L 0 164
4 0 =B — 1.04
0.7 — 4A— 0 24— 1.04
0.7 - 0.69
0.8 ——C 0 =C
(2) (b)

5 (MEFE) #2%E AND-OR FEREMNMERRE. BERER (AAB) - C FNM (a) % AND-OR
E, HhiZEET A B,C MREEHMBEMETURE Po(z|z) RE; ETHRIFE, HATTLUSEMITEIZE
WiZERIERXM (b) E24.

Figure 5 (Color online) Probabilistic AND-OR circuit and information entropy. (a) The probabilistic AND-OR circuit
of the logical expression (A A B) — C, where the membership degrees of the logical atoms A, B, and C are determined by

the neural network prediction Pg(z|x); then, (b) the corresponding information entropy is recursively computed based on
the probabilistic circuit.

Z 10, LogicMP I3 ROIRZASH MR U 2R G 7E Binsum #AE, IXBETL) T GPU 126k, RN RERE1E
RIFAE 55 rh SEBL DL HE .

3.3 IhgE

SR UL, RSO R SRR T VA S I 4 TR A R AR R T TS e AR
DA A 22 I 28 LD ZR I R0 (ELSE PR BT b, BOBIZ AR T SRR O IR B A 95, 0 TR0
WHARTE, — 7, BOMIE R G 1 AT A S R T 2 R, PRI KRR i T IR R (B T
T, BOHIE I A e R IRIERT 5 QR BRE B TE, DR AT RERS M B 28 0 R GEERE. B4, Al AR 2
BINEI AR RIEZ S 1321 A (a v a) — o A0, BABIEOL T, BOME 4 ROZK 2 3 5 L
NEAE 1, BEhs L, B 3 A= MVa Bt B AR IRIEIZME R, AT BB A S ERFT 54
WEHRERATE, I HIG EEAF A58 — VR 261 (HR, i N gRad e rh i — 00 BE 1 B A S0 K
AT S 7528, PR I R I AN I 22 48 7 1.

B DL Bl DAA, BT EO VE RIS 1 4 5 A A AE S — AR R 1) B, B G2 0 ikt e
BPEIR. NS 4 Fhas R 7.

4 HEERLERERPE

TR AR TR VI A AR 532, FLI Sk H AR AR A R T 45 SRR AT S AR Z .
XL — AN SRBE R R, 28 A 2 A AT R S HMB RO R 5 200K, AR PRAEAS B A I o 12 v 2243
LT S U AT SR 5 R, A B W FURI SO0 45 SRR, M2 I 45 B e A4 A AL R A I b
. DUSKMTEOLE, fEMArT SHEMAES T, BAFER L HERBE AR, BN S b S RS AT 10, JFH.
IRAE Dy N 25 245, (B ENASZ SEPR T T IS et A IR, A B RAFIIZ AL PERE. Li 55 B3 iR 5T
AR e IR R 1K — A, SRS — RAUAR R AR (9~811331 e 47 1t — 2D ie.
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Training data: ) __ DL2: Shortcut satisfaction _Ours: Useful satisfaction
Classification oo S e
g 89.3% 3 8%
oI\ 2|13 |H loss gso[ £
Q Q
s6]712]4 e
0 500 1000 1500 2000 ] 500 1000 1500 2000

00

,
= Ml P = False
]

o 500 1000 1500 2000

Labels for class “6” removed

0 500 1000 1500 2000

logic Knowledge: P — Q, where )

P:f(R(x)) =9,

i =

Q-Satisfaction  P-Satisfaction
8

Q-Satisfaction P-Satisfaction
=
8

Q = False Q = True
Q' f(x) - 6 0O 500 1000 1500 2000 DO 500 1000 1500 2000
X . Iteration Iteration
R: image rotation . . . . . wpn
N J Accuracy and logic satisfaction for images in class “6

6 (MEMFEE) FERAMFEEFIDHRES. RIOMEBRINEEGFH <67 X4R%, BIIANFSHEERN
P = (f(R(z)) =9) = Q = (f(x) = 6) KM “6”, Hif R(x) RFXBEK = HEsE 180°. T “6” KT,
BEBMAITAHSEN: (1) P=F, ¥REER R(z) RAKIE “9” ER; (2) (P,Q) = (T,T), BigEEER
R(x) B3l “9”, HFEBEREKBER « 256 “6”. BENMFSEMERNIZRE (P,Q) = (T, T); A, EBMIE
B A MERIZ B A SEE ER” (P =F) FHERN, S8 «6” LEFJLFESLEIEIR.

Figure 6 (Color online) Semi-supervised learning classification task for handwritten digit recognition. We remove the
labels of training images in class “6”, but introduce a logical rule P := (f(R(x)) =9) — Q := (f(x) = 6) to predict “6”,
where R(x) stands for rotating the image @ by 180°. For the “6” class, there are two possible symbol grounding outcomes.

The ideal symbol grounding outcome should be (P, Q) = (T, T'); however, existing model counting methods and fuzzy logic
methods often take the shortcut P = F' to satisfy the rule, resulting in nearly all images of “6” being incorrectly classified.

4.1 RBIEE

JekiE — A B F 58 ROIE S R R A2 0 B3, 7R 12T 55, BB Bdm H Tl
“67 KEURRIFREE, HIIN T — %W R SHEEMNEITRE: P = (f(R(x)) =9) - Q == (f(z) =
6), B “Wi R iess 180° 2 Ja B R B 1RUIA 07, I B ROZAE RN 67, 12k o Ei DA K 2% 2T i
Lk 6 Fis. BARTE, SHFITEE A, REAMEFES %0077, BIR 255 80006 B s 1
B R BB AR AT N SR, TR <67 JREIA, BT A ARAE, AT LA W A S A

RBUK.

BAHTEOL T, BARGRAD 67 FHYE A ARiE, EM2 M SR BEE IR/ 228 <07 RE D, ki
PN P — Q BN AEWS 21T “6” KIEFI7r3E. 2RI, O MEAT 52 R K2 AN RESS 21
U IR, KR N, SN AR AT S (1) P = F, ¥R R(x) RAIEIE <97 45
(2) (P,Q) = (T, T), Kl 7 a AL “67. Tiiu o W, MELETJa &, 1 2 A 2 4 /2 AT 5.
PRIk, SRR ) R % <R R K <67 SRR IR RAINAE <97 4R

FHEBAEAR 0] 5 SO TR 27 S B AR R AU, & BT S P (semantically unintended) 5T
SHEMER, SIEMAR T REMIER TR, 4T, &AL Hr e B R A 0 S R B i
RITE. R R IR BT B AR A8 7 1% P i — e TS SN T — A S B A
afmls, BN PR ZSEE] T HNR IR 5 Hb A IR (79811331 JrAh NeSy-RS B0 I Hds . #E7Y
DK, DARAUR B N A, 3Rt T — RBUARIRTT SR, B G 9M : (1) 34k kn iR A Eod i
e BRE T (2) I B E UL SRS, BB X AR

(XSG PR R 5 M RV (A RVEAT AR AR S, — D7 T, LEFRATIRIE (1 B 2 ST ol o, B
B ISR, M M AT SR B NHEBRBE AR 22 vy 55— 5T, S48 NeSy-RS iR ) — R 51
RITRBEV A ECE M AT S REIVERE, (B SCIR FIRER Y], X LEHEIF A RIS VAR L o dE 2E
TEAR DL 5 4.2 /N AR 5 1 RO A 90 5 AR S EL B A R A 1 SR A
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4.2 RENGHHGARHEIRER
B, B RERAR RO, Ho IR R (SELBRRE) FTELS Y

0O;x,y) = —log (Z Pg(z|:n)) , VO x,y) = _ﬁ Z VPy(z|x) ) .
ZE€ES, Z

ZESy ZESy

FERK, SIN— NN S ED AT Qo(z) K7 T4 <B4k, I ULE R ZIE FF- 5 e i i e . I
H, 18 H(Q) = — X cs, Qo(2)log Qu(2) Nl Qo HIfEIENE (entropy), supp(Qw) NG Qo HISL
4L (support set). A4, HUIF EH.
EE (BAGHHOTE AR thiEh]) e A o, LAt y, 0 TR R4 ok
BREL 0(0; 2, y), HE/AMETEEN T (v =1)
Igl%l 5(0,19) = z; (f Qs(2)log Pg(z\:c)) +vQs(2)log Qs (2),

s.t.  supp(Qs) C Sy.

Wt A, XA MU R RN T 0 AR R A U, O HLA R RIS Z N B ah 2.
WERR SEFHIERAEE Ve(9), TSRS N

! Folzlz)
VAo =- VPe(z|x) V log Py (z|x).
( ) zg‘;y Zz’eSy Pg(zl| ) 9 | zg;’ Zz 'ES, ( /| ) & 0( | )

St AR ming o £(0,9), 4h7E 6 I, JARME ¢* 2

P (z|z)

Qo+ (z> = Zz/es(y) Pg(zl|:13)'

K Vol(0,9*) AT LARE S N

Vol(0,9") = — > Qg+ (2)Vlog Pa(z[w) = — > Z V log Po(z|z).

ZESy ZES,y z2'€Sy ‘ )
FEMTR AN — T, Qo+ /& ming £(6,9) fEL57E 6 WRALMAEY]. FAKT S, W HA% R H
(Lagrange) BRE(A] LLE Ky

= 3 Qolayton (922 ) - (ZQﬂ )

ZES,y z€S.
HERT Qu(z) MR, IF2H N 0, A
log Q¢+ (2) +1 —log Pe(z) — A =0
IR z € Sy oL, Hit, A

Qur(2) = 'Po(z), Y ' Pylz) =

ZESy

Rex s, A2
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WA ZE B, HFIH RE y = 1, 7T LA % 8885/ Mb KL HUE 93 ming o £(0,9) := KL(Qs|| Po),
I HA SHELK supp(Qo) C Sy. HHh, Py BONTEIER, /MUK H AR Z2 W& X 734 Qu; TR T
Qo, MM KL HUZ 5 KL(Qw, Pa) = H(Qw, Po) — H(Qw), FRIERLIH supp(Qs) C S, LASH, A LA
N PIANER 73 AT AR R 1 P

(1) ZXHE H(Qo, Po) = Zzesy(—Qg(zlw)logPe(Z|w)). B Qo WISLEI I HY (one-hot) 731H;

(2) AERIE —H(Qo) = X ,cs, Qu(2)log Qo (2). MM Qo HIRBLEL.

BT UL B, AT DR HEBR AT R AR SR R O, ) T HEBRSEAR 0 B )RS B A5 SR, s
0 £ AR P T AR 2 0K B, A I T A PR M o IR S5 v, RS (Wi 2 A R
“9”) BITRIIBER Po(f(R(x)) # o) KT IEHAT 58 (RViEHe 5 & A2 <97, JFHIRMGE A2 “67)
FITIREZE Po(f(R()) =9 A f(x) = 6|z). EXFEHIIELLT, SAAENE MEE B S I (1) &2 it
ST Qu, MEH PR SR 1R B AT S M. SR, (2) 5 BRI R (v = 1) KA,
AR Qo HISREIE, PR 1 Ml DATE It 5 447

SEBR b, SRIFHEESES, USRI IER RS ek, —F R a8, BART S, AR M IEMRF
SHEHPITEOL T, N T GO, MOV Qo LR S, BRI AT (RIFFEARAE U, $2&m
FEH), PARBRA RIRF S B R 3 2 [A) (0 22 5 TAESR B IEWI AT SR 2 J5, [FIRERR 206K Qo B An
R 2 SRR R (RN 28 SO, BRI UE SA), A R 775 Bt i F2 (10 fe 20l BRIk, T
DAL, BEAFF 5 Bt A2 1% 0l 2 i BRIERA E 1, DA ORI 5t I 260 77 DA S e 4 IR AR
4.3 RENHEZE G IERIERER

FALhth, T BRI AT, [FIRE T LUK S XHME 0 AT Qo b AIFERA E VEEh In] A f. AR
Ui, AR E BAROL.

EIE2 (BWIZE AR E tEih]) e RGN o, LR ARt y, X T =M
PR R 0(0; 2, y), Ha/ME R EE T

rg’igl 0(6,9) := zg; (— Quo(z)log Po(z|x)) + 7Qu(2) log Qu(2),
s.t.  supp(Qs) C Sy.

W U, XA RAME IR OC T 0 G AR SR, IF LA AR F BE B2 T REshAs. sk, 3 AR
= HVEH R R R EL v = 1,1,0.

MERR RATATDCKE A 52K S, EE NI Vaes, (z = 2/). M4, BRIZ#E T %% 3 T =
TEHON ISR 458 5% R K73 3l

Lukasiewicz — f Vi mgux@(ﬁ;w,y) = min (1, Z Pg(z|w)) = Z Py(z|x) (5)

ZES, zE€Sy
= mgin@(e;a:,y) = —log (Z Pg(z|a:)) , (6)
zZE€ESy
PR =L max £(0; . y) = > Po(zlz) (7)
zZ€ESy
= mgin@(@;w,y) = —log (Z Pg(z|w)) , (8)
ZESy

K /BN = AT mguxé(e;m,y) = znéasx(Pg(z|m)) (9)
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= min{(0; x,y) = min — log(Py(z|x)), (10)
] ZESy

Forb, SIS AR, R e KA IR U AL g B M TR ASHER H, Lukasiewicz = A1 405 et = £
YK PR K R B R AR AR T B R B R R B T B K/ e D = A VR AR R BB Ty = 0, RIAT IR
IENAETR, Qo ELAEYCSL R Ai 5 1.

ST S, SRR BOE B BOIE R IE FRER A B P AHEBRBE AR, R AR B AR AR A
JER RIS Py(z|e) LK Qu(z) FIME BIEEEHIANE, BRI 777 SR RIE T

4.4 MHEFSEIHPIEMHEMLEIE

M ESCR e U B, 50UE B RS RIE M A5 5 ) h B OCE B iR E B RIS TR
559, ARSI 5 B NHEBRAEAR, IS BIA R & TIUH I 45 8 (H2, W 7uE SRS 5K
58, AT ek SOHE LSS B R 8 25 R, DT s e, BT 0SB /7 S et /A Pe DA K
Qo WIAEMEYERE &, I HAR A M AR5 % S W FEH E & B (uncertainty management).

REES U, CaF V2 5 TARE tEE BRI 78, K EE H AR5 O 134 X T HARAF
GHEM 2, FET TR Py (2|z), FE-OIXIA] [0,1] XI5 M AT XA

Sm ={z | am < Po(z|x) < ams1}, m=0,..., M.
FORHEZDR, X F047 D b, I HIEAE S, WIIFEAR, IR Po(z|a) IR THERM 2.
EEND,EGSWL [PG(Z|£D)] = EEND,:EESm [H(fg(w) = Z)]7

HoAr 1) R tEREL, BDY fo(z) = z BTEUEA 1, TNA 0. 5 OARRER B B2 52 IR B A 48 N 25 (1)
AIEEPE, 4N, A8 R AT I 45 SR 5L A5 ORSAEEE R B TG R T AR 55T 80% g sih, |
1E T RI K & EE 200 80%. X845 FH F REMS {5 AR 28 1) T 0 45

XFREMENST S, OA R T/ERY, BAAEAE NGO R (overconfident). 1X A& KA, i
25 W) 28 A58 R TE Y 2R B2 o A Al AT A O RS HE M R, SRERECEE iy i e 2 BUL PRl R 2t T
TERETEN SRS AR R &M E NI, LR bR AL o 3G, FEAFEFRZLI A 195) [al@ AR
2 136, Mixup 347 U371 AugMix 3§/ 138) 8 fidii 2k B2 Logit IRk (1891401 g e 24 U4
g DA DL K e s AR Y (142~144] S mT DA, 31X 8 TR 35 30 7t B ek 15 S8 TR A 5 N33 % iR
AT LA 22 AR 256 AN AR R A5 R N 01 34T 15 .

(1) FRECI R K- 70 2RA8 SURHUR P I IAIREE o Bk, [l g = (1 - o)y +¢/K RE. & Leg
FORAE SRR, I AFRZE 6 AT 241K R O

Lis(y, Po(yl@)) = (1 —¢)Ler(y, Po(yl)) + eLor(u, Po(ylz)), w=[1/K,...,1/K].

PRGN T AN T — AN ORI 5T 0, Sl F 4230 35 51 70 A, CABT 1R AR o v =
(2) FEEPUR Liocal(y, Po(y|z)) = (1 — Po(y|x)) Lor(y, Poly|z)) BHIRN T iU H AR I
AN v R T 2t 1 5 (B, R R, A R R DL

‘Cfocal(ya Pe(y‘w)) 2 ECE(yvpe(y‘w)) - ’YH(PO(y‘w))

DRI, 5 5 450 2 B M 7 2 SRS 2 N T 5 A L DU P T3, 2 AR50 6 4 135 0 ff 155 £ e AL

O SRR TR R W, 15 OB S5 P ML RS 2 R BUET (trade-off) K2, Jf LM ML /E— kil
B S o 4 DT R HEE ) 7 SRR s e 28 81320 (B TEUNRTT BT /AT 10, TEM 7 S 4
i, (5 i B 2 Bl R AR, BRI MBS, IR T8 RAN S, % IR0 W S AL
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. R, ATRAUE, AR E MR B M AT S A ) h O B B BRAR ARG AR R, R T S
AGUHITERE; BSEUTLE O, S v P AR AS B 1) T FE A

XL P T A5 O R HE (08 1E AL B T R RE P LA AE M2 5 S5 it i b 4, ENT D27 A
SS 161 7E I = fE B AL b, 3RS N T S IUS EAF S TGS ST IS B IE AL LK HAR
BaE5E. LLENT A, K EEERIE a1 A ay AIHTHUERIER a1 v ap BIEBIED A5

Ent(a; A az) = Ent(a;1) + Ent(as),
Ent(a1 vV 0,2) = ay logay + aslogas + &1Ent(a1) + dgEnt(ag).

B4, LwRS 33 5] ASHRAR & 7, KoK /B = Mva it N
a1 Aag :=min {may + maz | 71 + 72 =1}, a1Vay:=max{na + nae | 71+ 72 =1}.
T1,T2 T1,T2

XHAZ R 7+ 55 E B R X AT Qe & B, FRIEEXHEBEEE BT, RN B PR
M Qo FOE M. BE—PHL, Li 55 B4 i) AR B ARG O A0 i B

12%1 06,9):= Y (—Qo(z)log Po(z|z)) +1Qu(2)log Qu(2),

ZESy

s.t.  supp(Qs) C Sy.

BB KRG 5 projected MCMC AHES &, 7EFHE N 28 A5 AL I 250t A2 R G202 FEAIK + BOME. X RAE
L7 55 )RR AE VI R, TR R0 2 BRI AT RF 5 Heth, 1 6 5 Il 25400 25 R H0 T B, Bl Sl )
W RS B g8 . B3 — 320002, MR EH R AT 7 et BY ) 55 Hzh 2 [R) A0 A8 e i 1 10 2
JalHE B AR R AR R L. T L 45 B4 ) AR R R B SR  T AFS Eetth S (el v, 58
S5 —B, X AT RE A H AR08 A AR B R AR 1) o) — R AL
4.5 N

AT —ANME R ISR SRR T (G TR BRI AR TV ) AR SR
b R b B AR A SR R R = A 2 X 2 AT AR E R B, BN RS 2 IS B IR AE O
o, A TURARIA S g R RHE, i — MR 22 2] R AR e A, JF G L 5 A AT
SR AR e M BRI R AT N TR O RHE, B AR CR TIN5 45 1 S R AEER 1T f 38 AN
PR TS ORHE, o8 1R HEBRSEAS. JF H, MG B0 R B2, FRATTHR P M B o 14 B 1)
RS T — B0, MRE T A S AP G AR 2 AT R P A B A ) UK 1 B

RO FF5 5 ) v R B AR R i 1801 H s S HE B AR (AT AT SR AR A R . — 5T,
M7 Bk, O IESSAEIR R AT a5 B SC I S (A s MR B (R A R AT T R (i, E
oGNS RY 47,1481y = HE—0PR %R AR, {5 B WA R A ~ RMERf e . IEW0wT SO, X
NIy IE NG RCRANE | A DUEE S HEBESEAT; TR ~ SEmIZRRcR, 32 S EUF 5 Bt LAk sk,
BRI, — AN R 3 HLBh S RS B B 0 7 RIRIFE R ZE AL, 5 — 7, AR B, R
(7= AR B R SR = e B3R o A (BUL i L, TR TR A4 20 I 285 1) M B ST Ak, o8 P e K09 T U s
DG ORHERI N AR T T 1z, (BTSRRI B S 33 11491 PRI A RO TE AL 6 T M & 752 ST R A
SE PR BE AT A [E A b BE R 2 O ) B 45

5 FIHAFSHURER
AT LT 5 BR[O

¢ = arg minqbetb E(m,y)N'D [62(g¢(z)a y)]a st. z= f(ﬁﬂ), z€Z. (PQ)
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ZI R, ZHCEA] @ W RIS — RAVREIZ AR, A B, B ASREBEAT B A, ST
EBATHERE T RE. S2br b, AR RIS S0k Bl RS SR AR 5 I ZR T DL “<Ja g
B YmFE” (inductive logic programming, ILP) 19 Fl “Gii} 9k R %% >]” (statistical relational learning,
SRL) 1500 X k. Horbr, NGB mEFIH—MER T (a1 A Aay) — ¢ HRINES KRIL
PSRRI ISR 2 3 B2 0 bl A BOZ R 5 7 (48 & D01 Gout 50 52 20 08 i A8 T = (AR
#1101, Bayesian 4%, Markov BE#LI7, LAK (F2) Markov #2855 Sk @A 45 I 1 ] 1 DR SR B AR i ¢
iy HOZRd B8 H 2 Monte Carlo SKAFELE AL 73 HEM ORI AR A IR RAASR 152.153] 0 DL, 1X 48
22 B 7 S TR B DL R IR 22 #AN SCRF IR 2 T Bk, IRAMXBRAG 1 45 5 PR AR B e X 2%
BRI ER S ISR, AR FRAR T R Bl A7 5 T S B IR

BRI, Sf B R B A R 55 2 21 BRI 78 53 T IR 355 HEBR LR KT mI ek, DA (S5 PR 252 T B
EHAT NG, JA RGPy RIS ARG 0. ISR U, XLV T AR AR Dy 9T T
o 58 SUIF MBI 75 2R T AR Ve R 8, FRAEFE BRI T PR A i R 8. (B 5 AR 4 E
ZHE, AFREE T AR AR E M @ETTE, DR IERZA R RCERAROR. 5Tk, A TR ) 2 5 45
W B RF 5 2 R K S Hxs L A T 7%

5.1 ERFELEN

B4, BB TR R AE A R HANE g B AESE B, SINARRA E VE RBOR LI LA 5 2
FEFE. BN, R ILP 2K HARZEANN m KR TA) (an A+ Aain) = ci=1,...,m 4
ISR, OILP 154 45 B B 8 /R T H) 70 BE T AR RIBLE wy, ..., wy,, FIFBREE T REARAL, EFERL
gm0 — N E AN ENENRARFSLAR. (RN T IRIERCER, oILP KE /R FaH B HRIE T
ARy 2, PLI MR IE R 5 QR B, X BRAG TBAREZE I RIE T 2 H AR5 4R
IR B TGN m B R R T, DA R H AR R RENE I i1 1 LR S T A

N T R OILP IR JIA R 18], DILP-ST 1551 Fl oILP 1961 47780 58 1 X {5 6 45 240 SR R Al
IR AT AR R (beam-search) K JH K e 35 RES 18 = HEREPERE I B /R T-41), DAAL U 75 5 2
W. 7i4b, DiffLog 57 $& H 456 F P S AR SR 50 AR, {81 32 3% 2] 2% DR 2 2 i) S 0581, DAAZ |
U T7 M BRI RT 5 290, T OILP B 53— Il AU KA E B T IR B, X2 ROV #
RIERF S ARG 2, IR FF S HER AR SRS . T, — RAIBE AT AR B, 4%
—Ir B AR a1 Ay — ¢ HIFRBAEFEIRIE: Ay - Ay ~ C JEL. 180, NeuralLP 199 5 X7 TensorLog
I8 60T X T ARG N T 2, € X aq(y,u) T as(u, z) MR RN Ay F1 A, B4
5= A1 Ay -z LI T EEREMHERL a1 (y,u) A as(u, 2) — ¢y, 2), HH s For THEHEERNE y W
HEES. IR B, Neural-Num-LP 161 DL K NLIL 1621 #—B40 g THEZE KA ), A5 4H
e RISEER R (WU, 21 + 20 + y1 = o) VLAAREEGW (B0, a1 (y, u) A as(2) — c(y). B 7 %
T TensorLog ia 51 —/Mgil - 1631 FORG I A5 240 o 1 HE B L AL i %8 J5 1 IO ME 2 3l .

BRI LAAE, NeuralLP 38 A8 7 v B I LI AR R IHE 12 M 48 (long short-term memory, LSTM) X
B R AL ) &, SR — R RIE TS LR B AESLIERE I, DRUM D64 4 H A6 e o T X
PEIRM 4 (bidirectional recurrent neural network, bidirectional RNN). RLogic 65 @i KR, 5IN
T RARMAKIRTT 73 BN P §E; NCRL SIS ok s /R a4l a8, Jf HARYE S
S BRI PF 43 RNNLogic 1601 ZiA5IN T —A> RNN FUUAE B, JEHR R EM Sk
Y AL EE T AR U] A i PR RN AR [ 35 4)11 5.

AFTF OILP ¥ 3 B0 U IR E /R T-0), NTP I67) &£ B g — MR T Bop R, Bk
Ui, NTP [FIFEAE A IE SR A 25 (AR g tdiZ 5 )5 1, - HATH RBF #A—I18 5 (unification) K& L&k
— AN E T IRE B B 1404, B E X AND Ml OR I8 5T H e BE /R TR 7 4. LA 7 A,
grandPa(RICK, MORTY) HIEERN p(z,y)Ap(y, z) — g(z, z) IR Eek 22l S' = wnify 4 (H, G, S)
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(1) uncle(X,Y) :- child(X,W), brother(W,Y)
(@) fatherOf(RICK, ABE)  grandPa(RICK, MORTY) :-

e @ 0 @ parentOf(ABE, MORTY)

@ grandfatherOf(X, Y) :- Embedding
fatherOf(X, Z), ¢
(k) uncle(X,Y) :- aunt(X,W), husband(W,Y) parentOf(Z, Y). - 37 5

® @ ®
S oS [ [ e m

1 ial="
Jlpanielzall  pitenetl  MRNIESC.EIA0RIN Z/MORTY
.

using atoms ~ '===-==-=- using the atom
Child(deniel, eve)=0.99,... Brother(eve, chip)=0.9

(a) (b)
7 (MEMEE) ERTAFESAREMRTE TensorLog #1 NTP. (a) TensorLog EFRETHEmARE, &
BB AR SIRIE T AIMHIENE; (b) NTP RAMAMEES X, FEMBEMNREFSAR, 8—NMEiEFa
HoHBENZERFHE—TESE.
Figure 7 (Color online) Symbolic constraint synthesis of Horn clause: TensorLog and NTP. (a) TensorLog is based on the
probabilities of atomic propositions and improves the inference efficiency of candidate clauses through matrix multiplication;

(b) NTP expands all logical branches and exhaustively enumerates all candidate symbolic constraints. The score of each
candidate clause is derived from the unification operation of the corresponding logical atoms.

AR AR ] D68 Hoh s RORMAPIRE, H T AT E AR RS, DUCUIPIRE & —RIhi
ArRetE; H A1 G R E— 5T (1, p(z,y) 1 pa(RICK, BETH)), HH 1JAEAR 54555 55060 B
T ¢ THIRARR (B, ¢y, Ppa:, PrICK: PBETH:)-

FKAUT OILP, NTP 75 L Fl5eHs i B HAHE R oy X R I, A B H IR 1, DLAST 5 2R
Z, GRS T FFHRZ R 2RI, ZMEHNG 7 NTP )% 2] SHEBACE. N T %%
ZIA R, GNTP 169§t 5O B — MR/ AR S AE IR S &, TP V700 SR I AAMFT 5] A — /M 4%
i, RIS HAL IR ISR — AN B 100, HET %0 A0 A RIS & 1% A0 [FIFF 1 #2826 %1 1
HHMmNR R, A E T REHTmAL. sk, LRI DU 78R4 A2 5 7 7 ik A Fos, HAHS
SE BAR 2 A1 22 23 (8], A T FRARASEAR B v I s, FIRT 0720 (i ) 2 ok g 4, VP S 2 AN E R T4,
DURR S 157 5 2R 2 ST R R 7.

5.2 BHGeREH

SATNet 173 RETAHIER (CNF) ERIIFFSLR, B A Vi) ey, e A T R 5
“ {ai|i=1,...,n}, SATNet JI NI &E s;; € {0,1} KArid R EF A a; TN § HTEL
T, AFRRIERT SRS (AT VL, sija; | si; € {0,1}}. PRI MaxSAT #6453~ B A H0
A T R HEAT A5 5 IR

§e{—r11710%¥}mm j;i:\/ll(sijai >0),

Hrp g MBUEE SRS {-1,0,1}, LIRS EE; HNHH 6 € {-1,1} KE o, € {T, F}.
A E PR B B R RIS R, FHREK L TR, #E—20H, SATNet 5] A€ FA5h
(semidefinite relaxation, SDR) F74~1761 FooR W% ] BURA N — AN AT AC A 1 8, AT e faf PG B
R AL 2 STRA B 2V R [ S € R,

7E SATNet [J3EAE I, Sym-SATNet 177 $2H T —MESL, B3I R IR ERF 5 200 16 B X Fr ek,
HAEZXSFRIEAE A SATNet IS EUHERE R 250, AT 75 5L 2% ST A5 B 20 A0 2 1% B o Bk k. A LG
55K SATNet, 18 55 1) 2 BUE BE X FRPE, SymSATNet A /> T S 40, i g P2
RS LR, 0, e R, 2 S5 RMLRAERE S HANREIR Bl 15 S
{—1,0,1} ERIRMERRE, RUbsEbr EIIES RIS 2. ik, ME-SATNet 1781 #& | A
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sz(O) _owi(0)
. w;,(0) ’le(o)

a7

RO [RERON
o

o w (0)
(0,0) ws )

(@ (b) © (d)

8 (MEIRKE) BHEMFTSARESKFGE IntLP 1 PBL. (a) # (b) H3IRRINZMEFNAS K, IntLP
FRAXBINESERMNIBILEFTFSAR; (c) RNEHREMERTTHATSARERIBRLE, BAERNER
EXWHE THEEINSR, FEFHMEENMEK. (d) SINTEBEAR, H#E8— MWNEEERNTHEETE, X
HARRNEREMEWHBITENER, BERFHEBAN L.

Figure 8 (Color online) Integer linear symbolic constraint synthesis methods IntLP and PBL. (a) and (b) represent
the outer and inner polyhedra, respectively. IntLP uses the regions enclosed by these two sets to characterize symbolic
constraints. (c) illustrates the degeneration problem in integer linear structure-differentiable symbolic constraint synthesis,
where all weight vectors converge to the same result. (d) introduces a trust-region penalty, adding a search range for each

initial weight vector. This allows different weight vectors to converge to different results, ensuring the diversity of the
learned logical rules.

Kronecker § B4, Jf HA§ SATNet LIRS HIIIZR H AR EHT @R T R AL BAHE (maximum
equality), LA (R BEBSAS A AR IO L RHERE S S NE] {—1,0, 1}, BRICELA, JE&:mF TR B 17,
W15 5 HE B A HL 5 4 20 X 28 BB G & ISR, SATNet BV RE™ B AR T TR BL B i &=, D T 9%
HMZ i, SATNet* 1801 $i¢ i Sl {0 M B 2 ST RS 2 5B BN SRR, b S ARSI A
RIS RAR bR B LR R TN R 22 P g A .

5.3 EHLMLEN

T BT RS ARG 2 RN, Bl wla < b, ' w € Zm,b € Z. L
AANEL AR SR R E AT (1) AT A REHOR ISR A a5 B R B0, BRI TG /5 45 O 322 H HE BRI 1 2%
) (2) 1R 2 55 29 A B il A S AT DL 3 B 2k 1 20 o 2338 8L S T 3R R R 5 4
W, IntLP 182 22 AN gk (outer polytope) AP Z Miff (inner polytope) FIZHZIR. WK 8 Aiaw, 4b
Z AR5 A 2 AR i A0SR (R 3 W A Dy B 28 S A B B MR A R, Forh Ah 22 T AN P9 22 Jia A 5 24 )
R LR IR R fF 2515 2. CombOptNet (1831 [RIRE Al T BE R R M FURISK A48, (I FORSKRAR wTa < b
(KT a) WATATMA.  H T M R 7] R 23 B2V i), DR T B W AR AE BB FE (BN 0 IS TR, i,
CombOptNet & X | —MNEABEEE, DIITERRE FRIEEHZSE w M b, Ny 1 8K 2 i H,
Neural-TLP 184 3610k 7L 518 BE 8 2 ST SRR PR RS FL U HOSR ARAE SR, 4747 2K BR 9

RN LAY S 20 R 5 B ) LG H At 1 77 vk R SR I T 30 e, X2 ol R A IR I 2R 1 &
g, PSR R R SR A2 T ORAE 0. H 55— J7 T, B A L R AT A 1 55 T — AR I AR AR e, ey
R L AR AE I N R L KA. ik, PBL B0 3@ i H 22 40 AL (difference-of-convex) $
A (85,1861 - FE GRAF B T BERTAT PERC R, R R w BRAIZEAT /RIS {0, 13, ZBR A5 H
RAF5 2R AT R 382 (pseudo-boolean), B {1 H 5 G BUE 22 (8] A 554 45 1871881 Btk DLAR,
RN R T LR A2 0 55 K, BRI AT 5 2R & i AR 25 53 1B AL (degeneracy), RI%#H

BOXCEETCR BN, B, B HFRZHARE a1+ as + a3 > 2 M ag = 1, BILKH FEURE 1S
FHE LK a1 + az + ag > 2 BFE VP ILAK ag > 0. NAFRZIA R, Neural-ILP #2 AT HI 75 2
TEMAGRARAE REL w, ..., wy, ZECAHSCHE; 1 PBL RIS HUISZ R, Wil 8 Fow, (SR
Wb — R LRI R A0 73 JF, LR FAF LR E A R (AR — 5212, 1Bk in) @5 HE 34 )
FOAFAEVF 2 FRALZ AL, — 3 25 B 51N AR 52 1R SERURN AT AT AT 5 3/ 77 5 AR 2 R, I
LI IR ERE
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5.4 1BEEMLELE

G — IR L A G AL B AL A 22 W 2% 5 ey SR DL — i Bl B D 2 RN X — B A& B
75 FSERR A TR B SO DA BRI R, S 2 2B (multilayer perceptron, MLP)
AT CASEL A AT R PR A R BR A (189, 1900 e i) NLM MU ff sk & RN IR T a;, € {0,1},i = 1,...,n,
Rl BHIEE (permutate) LA Sigmoid PiE KA MLP K& And VLA Or 2 IEH, FXT
KEFHY R (expansion) FULHE (reduction) HIHEAE A I GE G5 UTAURT 5 FUU A A A7 72 AT ) = 16
B2, 2RI E AR AR R AR BIR 25 5L, 5T SERR Il g g 2 1) 2 B AL, AR
HH 0T IV R AT 7% B BT B L A V£ 3122 A 0

NERVEZ A R, ANL 192 e F 22 2R ANHL, T2 K DR 2 4R (57 sUB N B s e i 2 . HL
PRHL B, ANL A R = M T HCR IR E ML “EH & Fa(ar,. .., a,) = [[12, widi, YARAPHE RS
BT 2 Fy(an, ... an) = 1= [T (1 — wag), FHRE w; € 0,1] R T8 a; &5
B/ G, ART, ANL AUE R Z 28, BI—ZAT R A — 26 BUZ, KR n SRR e frigi =,
RERFTHREEEFNEERZ. DLM WS S HIGRBIZ R, JREEE w,i=1,...,n BEHATE
G, LRI IRAES 15 B B & IS 213K, 48)5, DLM ] Gumbel-Softmax XL E w #E4T ES %k, L
SCREREIE BRSSO RO 42 Lukasiewicz = #8754, LNN [194,195] 1 LRNN [196]
YIfER Fa(as, ..., a,) = Sigmoid(b — S0 wi(1 — a@;)) A Fy(ay,. .., a,) = Sigmoid(31 | w;a; + 1 — b)
(A <&/ BT 2. FERE, Lukasiewicz =G0 A min/max S5 Sigmoid Wi bk ¥4
H—MRED b BT, LA EAR BT 2.

Ty hb— B T I 2 1) AR R e IR U P40 B T A P 3 U D 4 A T A A
AR, RRN 197 2 Frp g g LRt 138 U 0% 38 I 248 1) T 15y 0 JE A et ok 2 S JB SR
BRI LAAE, DRNet 1981 LK HLpg kR A. CLR-DRNet 1991 5] N — AN HH R B i B il B 25 18] i 2o, 1
A1 R A AR SR AR AR 0 S (S B R R AT HE T, (H2, RTNet (501 1, IX 1675y 0 oy S
L AR 5 HE PR L [R5, 10 H., B 438 #1288 (recurrent transformer), RI1EH]
T U 25 R O B AR M B SR B 22 DR, RS WS MR O k. (AR IR, XA R KIE S
B ST 5 RGLE A I — AN BT

5.5 s

AL T 2RI AR LR RS LR G RRITE, Rl 2 H Al b BOR. X e H AR g tk
10 DR B 1) L AE - U] 51 AR TR — MR AT 5 2R I ARRA E PEVEAL . B0, oILP K ARRf € PEIR ¥ Fir
A B EE R 55, T NTP 5 3R5 € P IE M 2] 172885 L OILP A A — Ml S AU E R o Ak
BETE, T NeuralLlP I H 04 28 B AT 23600 E V. (HAE RN K HIRT 5 LR & AT S5, DA 77 %
PEAERCRITAR, K2 I ASRE EHGERC S B FIFEAT 552 355, Frek, Wfldt s A R 55
YRS F) B R Rt I NARRA E PE, DR i 7 EE R R 1 ().

BRUELAAh, AT CUE W SCHF <o B MRS 2% 2] IHEZ B 5T ¥ 2 BREE. B0, SATNet
ZRENE ST AN 4 x 4 PSEECHOR AR S5 10 i B LT 57 3], (B8 IIRIE T 5 20 AR A AR € 1
PR ) R EUEREROR, 3 BOZ AN EIE g IO R, P8k = ol i ke tk; PBL AHLE SATNet B4
AL, HLR AT DS R E T A S BRSBTS o 3], HIE A RS DA RFF 5 2
W, BHAIBTX (order) A, KX L6 R AAERE BRAATAT B2 AR AR 4 IR XE. 53 4b, B ) 4 1
AT, RARE R AT 5 2R th 3 B & i R Al &y = AR A DR, ez, el i B AR A 2 1k, R
FRENS AT BRE T AZ AN, LR AT SEILTHBY (lifting) SRR AIAE 2R A, [ TTT8UAT 72 1) e
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6 REIIERE

AT TE R BLIRFLA | R THRURY R . SEHLTRRAL . 855 KT8 5 R DU 3R R SEPR N 3755 5
ANTT R B AT RGMPART S 2 23— TAET7 1.

6.1 HEFFSRGHIRILEM

MR 25, 55 AU, 030 AR P U, DL 6 L0 T, Sl B e
T, FUATRATAREE, ATALE | AR THLARS: S, RERIRIE ], DRI IER 17, SILECHR
RN I AAHEE, AL TRV R B R SR AR BT TR T B HORE . SRS — M — 3
WA A 24, A BARA b . S0 Zhou 5 145.45.200) 52 ) f 62551, 45 28 S o
BAEIES %, S LB AT BT BRI . ISR, S
JERIERE, WA T —AMEERIER R

FERREL I 5 2 T TR BRSO T, MR OOV BE . 2%, % T 065 5 e o A, £E 470
VAT, 0 R R B (W1, vop-k WEL) B3I T (3%, Joik e B £ X F ksl
U BE 522 TR RO BE 4 5 200, (R, SR 0T A TR BRI 2L, 9 ELERBAE I RO B 57 45
S ORI ik 52 5501, E BRI RNIZ A 28 0 AT LASh, M IR I I B TR A
W2 T2 Lok, DRI AU ST 50 01921, Lk, R B B A B0 2 SRR, 12
R BV BE S 4 BT o U B 5 1 0 26 P 501, St S0 WHEBIBE A O 1 S R 2 7 2
VWIS, IR, (2T RS 2R e R R, JUE R R RO A B, (0 S0 5 7
TER2I 7 (140, B MR A PR B FRZI0) K% R GRS 0 RO P 41

RET HREI RO S T, S A BRI TR ROMCORYE 4 T C A R B R 7,
T, T8 5 2 ST — PRI, DY EAT S B, AL E S M A0 SR « SRl
S 5 SR LSS A S I 5 7. AR, AR PO TR O 25778, SR 8755
51 U R PE R HEVE A7 2297 0 B REAAN 4 SO, MR B, O ERF LG S0 %
R ST T LR 00731 A A B KA PRSI, 2 i RO 8 14 B

6.2 MEAFFSFINMEYS R

FERRERF 52 2], SRR S MU AT AT 5 LR & O 2 2 IR I A 12020 s, FERR 1
SR T, BEE ARSI R AR S S R OR, AT OR MR L RRCR & KRB 15 2 A,
AT SR AR 245 BEANR B, PRI A 2R AME 207 R RCR R AR 52 2R 2. RVE A
FI MCMC XA (R RAEBOR SE BT AT i, 5 iy P 1) 4 2[RI S0 1) EL BB AL AE O R SRABL A 1]
AR FIRE R AR FTRAT 5 QR AR5 . BRI S, B R BRI 2, (RIEFT 5 AR IR R 1R 4
P LT, XM T BRARAT T LI AAL R AP AERE. Ek, ] 78 R 207555 25 30 v 2 R T 5 v
R A R B R SE (1140, HMC SRAE 2031 GFlowNet 204 £8) 2 24 ] 75 2Lk — 20 0F 50 14 i) L.

UEAb, R A AE S T, HEER R ) R BRI AR A 5 RGN 0 R B, e A B SR R A
TP SNSRI TR, R, R TR AT 5 IR BCR (i 7T S 2L filtn, — NN
FIAER), SR AR R R SRS FE A SR AR TT 5 R GTR G4 1381 A 15 Aol £ o 45 A DR i A Bk U F ]
It B2 A R HL AV A (SRR R I AR A A TRENS R — AP LSS AR I A 22 1 5 R G A HE R
JE: AF 5 HUNAE R — i R 5 LU0 R 28 X 23 MR A AN RS i HEZ2 5 1R, X2 Pl H s i R
FERE T 45 SRAN I, 75 5 AR B A ST e IR, B RIA B R mE SR, LA 1(a)
HH R R B 80 e L B, o 2 X 248 AR AN G SIS T 1 0t o2 1 K, 2 U T s SR
A RS HR PR E Pl 0000 () 225 A 75 15 5 AR, IF OB SR K 8 00
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6.3 HZFSRGENITIZHIN

MR, AT RGN TR SEBU R IR F 2 kA (1) NFRMESR, BREIMAEIT 52
AHER A AT, F 2R IR R EM L 575 KRR TENRER, GHMEMLr s /4.
(2) WITKAER, MMM 517 5B R G R IT R T AORARAN R, D8 L 75 ) i 2R A S 4%
EE, PSR AR R BN 25 SR S AC AR KM TT. (3) MBTEMIEE, IR TH4 M 45
R EVEAAE, MRS R el i E R ARSIk 2 aEE T k. (4) WBCRME
&, Kb TR 7 Z25 85T ARG S A RGMERTE, Blin, XU5 R R STERCE « HEPLEE 2
A IULHCSE.

R, BRI S R G, BOUTRFE (X2 4544 LA AT 5 38 T2 R4 TREALSEBLN ¢
SREILA. e, WA R SR A G TR SR AT SHERE S, SHERMERE LAOHR. Ml 2R
A6 FH Lo £ o 2 A 2 (198, 1990 PR RAZ 25 K BRVE b e B0 e ) R A HE TS B e 2 I 25 )1 2, A
BRI 2 0 2 0 8 B 7 (5 75 5 IR B bl [R) A, AT $ v SR g BE AR PR RE. SR, ST BT TR
], XA LR LS BR ORI TR IR, B A, AR CAR T B IS5 | PO R, 7588 5 2 ik
—IE AR R EIE A ATT 5 RS M & L5,

FLIR, A5 RN St 55 B B A etk DA OR RE 8 72 75 5 HE B R vh 78 70 M e 22 o) 2 A 7R )
S, AT, KRZFF SR T O, BOYRARIRT SHERE 5 %, i 73, ASP, CLP 4.
TR G N ISEI 0 B AT, HARME SOACRS SEBLS NS TIN5 B i & T BB
PEREM T RE. BRI, O R TARMUR THEAT SR ol B MR R G, ST R e sda A, 8
EHER TR L E S48, RIAFIR AR5 REHEERCR M H I B, M s, Rt &Rt
B i E BAEWI 4%, B0 Isabelle, Lean, Coq %%, B& & M THIAAT 5 RGP HIAT S HER 5 5. 4551
Hh, Tsabelle 7 Bt S HLER 2 S0, F DAGH B g BUE RIS 2, Ik 7 5 RN BORE . o AR, #itn
Thor Al Baldur [205-206] 222 b Tyofis o 22 [0 2% KR N 7 FHAIE I 45 2 v DU 755 L

6.4 MWEAFSRGESANIESERELGE

KB E RIS 5 B . AR A B, DA o) R 55 VF 2 37 550 T C S B0IE A R AT I &
P, 207~2090 R NATTRE Ay, B ARAEEL AR )2 R B A ) — A E R P10~ KRS
B R AN A RF 530 B VR M i a8 ) — AN 07 = X7 T S W AT TR IRZR. i,
Logic-LM 2131 £ HH R B KT8 & AR ALK HERE i) O Xk, BT 5 kB TR (filln, SMT Kg#s) i
ITZRHMERL, DTV 24 R B 38 BRGS0 2 HE B A2 MU £ Tsabelle/HOL
TS, FE A A sh e PR 8 200 H EmabE 21 BB — R I02 AlphaGeometry P17 & ) F KI5
FARERUHEAT JUART i A A B e A e, PR ASE P A 5 I 8 5 R SE T IMO 0] ) LART 1) R A) S FRAE . X
Se ik R, MKIE SR RAMEST 5 29, IRm B SHA A SRR 2 — DR m AT
GRGERE, &EATR AR IR .

h—J7 T, R RTE & AR & R e M AR5 5 SHE 55 BRI [FIREEAS B 7. e b)ai it
LTS RGP, SR 2 25 PRI S RS, 35T DLAE FH DR 1E 35 Ak B AR 5 By .
XTI 2 A, R RTE B AR T BAE S B8 5 2] SR B 2 ST AN AT DL s e i)
RE, tLEEEFHE BV REANTE S He ) g ar 2182190 fldn, fEME S, O TR @R KB S
RURSEHLATATRF 5 Bed, DR A 5 Beth (48 220 A2 12182090 FE RIS A G o, KIE & A
A DASCER B0 3 AR 755 20, I HLR F i R SO 225k 5 4755 0 A i 1220221 5
Ab, bk — R85 E S A TAER B P18~215] 0 08 5 B e i 1R 4 Hh 56 i E B A AT 55, XAk
KMy JE THARTS REV MR, S3—J71H, X TR NS, BIRKTE 5 (1) 2 HHE R e
DIV B — PR R ARG SR SHER TR 45, 75 ORUERS B S 1) [ Bof 22 oo HE B0 BE 2 4IE I 2



EFEE PERZ:FEERNE 20255F HFssd F1H 22

AT 1992081 1] ELK VA 25 B Rl 5 RS KU 0 TSR 7 AR, L2 B AL, K £
R[] 2400 2 12222251 SR R I LA T SRR

6.5 HETFSRGERIKIINATR

W24 NIk, MZAT S 5 3] B — LR R, SR O AR (1 S IR VAR 55 ST RO ROR. Kb
LT 5 BORN B ELbr g 5, AR EMATT S KRG VF 2ok — MR A, Jf
HESKRNS S AR NEE B, JATRT AT 5 5 80K, AMUE S AR
AT A 2 el i H A S A BT S AR S BRI, IR OR LT & S EVE AN 2 A B EOR,
MR B B S 3R GV RE 5 G (224~2260 fESCBm b, T2 50 2 7 500 7 DI P SR AN
PABAG X L6 55 % BRI P AR RN 51 N 55 HE i AR SCRAE LI GR, SR IA AR 522 I HOR K2
TRENTI.

BEAh, fEVFZREFPARSAE R N, AR5 RSB AE R B n AT EMR W /1. DAL
%% (visual programming) (227~229) Syl AZAT 55 BRI AT S RGHLIE — R IR, A
P& R IUIBTAERE S, JF AT B R A BT AR (R S5 ARH M T & S TR, o fey
H B A AR RS, DA K e B0 AR A s A2 AR 55 v, AT R B — DI IT. M5 R4t
TEHU 52 BAF BT 55 A BRI /7. 1N, Leandojo (2301 455 wh 42 N 45 BRI 75548 22 S5 43 5] ¢
Aesop 23U RWEHE S 1 2480 H 3 € BUE TRRIRE ). Tao 2321 HUYIE| 2026 4F, S 7B AE 5L
ey PIEAL R L FTS RO N R RER SO BCA W I T RS R 3R R

7T i

FEH G, 5 S A Bl R AR I 00 AR AR A E P b SR E M R, TR LR AR R R <D
ZNFAZ, AFOAFD” IR AER E PEREAT B A A P, R SEIA AR T 542 5], B
M2V N AR ) — A OCHE. ST IXAR MR, ASCOAARRE PR B, B 2T
TGN T ARURAHESE, BEMIAE MRS, XA 5 5 B DL AT AT 5 A AN P B, B
TR Z5T 5 W B S AR G A2 1), BEAT 1 0 A8, B8 T A AR AR RO R AR R, JF AN 18 5
fifi s MUY Rtk . TREALSRIL . 5 RIE SRR EE & LU N I3 5 45 5 T 52 T AR SR A J5 1.

255 FIR IR B 5 Bl K Eh R AR T BE s K A B REAL A R ST IEAEE 1A 1. MaqT 5 Rk
NHAORIER, FBLE | TPEAEOR AT TOE AR 800, W i B ME R “m Bl 25524 3T
SEARFIS A SR FOA A R EE R 7R, Ay AR SCRE VIR T R R SR AT 2t iR 98 51

SE

1 Valiant L G. A theory of the learnable. Commun ACM, 1984, 27: 1134-1142

2 Angluin D. Queries and concept learning. Machine Learn, 1988, 2: 319-342

3 de Raedt L, Passerini A, Teso S. Learning constraints from examples. In: Proceedings of the AAAI Conference on
Artificial Intelligence, 2018

4 Gulwani S. Al-assisted programming: applications, user experiences, and neuro-symbolic techniques (keynote). In:
Proceedings of the 30th ACM Joint European Software Engineering Conference and Symposium on the Foundations
of Software Engineering, 2022

5 Kahneman D. Thinking, Fast and Slow. New York City: Farrar, Straus and Giroux, 2011

6 Yoshua B, Gary M. AI Debate: the best way forward for AI. 2020. https://montrealartificialintelligence.
com/aidebate/

7 LeCun Y. A Path Towards Autonomous Machine Intelligence. Open Review, 2022. https://openreview.net/
pdf?id=BZ5alr-kVsf



10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28
29

30

31

32

33

34

35

EFEE PERZ:FEENE 2025F HFs5dE F1H 23

Hochreiter S. Toward a broad AI. Commun ACM, 2022, 65: 56-57

Zhang B, Zhu J, Su H. Toward the third generation artificial intelligence. Sci Sin Inform, 2020, 50: 1281-1302 [9&
B, R, TR BN TG P EABE E 5, 2020, 50: 1281-1302]

Yurtsever E, Lambert J, Carballo A, et al. A survey of autonomous driving: common practices and emerging
technologies. IEEE Access, 2020, 8: 58443-58469

Pesapane F, Volonté C, Codari M, et al. Artificial intelligence as a medical device in radiology: ethical and regulatory
issues in Europe and the United States. Insights Imag, 2018, 9: 745753

Shridhar M, Manuelli L, Fox D. CLIPort: what and where pathways for robotic manipulation. In: Proceedings of
Conference on Robot Learning, 2022. 894-906

Hitzler P, Eberhart A, Ebrahimi M, et al. Neuro-symbolic approaches in artificial intelligence. Natl Sci Rev, 2022,
9: nwac035

Wang W, Yang Y, Wu F. Towards data-and knowledge-driven artificial intelligence: a survey on neuro-symbolic
computing. 2022. ArXiv:2210.15889

Marra G, Dumanci¢ S, Manhaeve R, et al. From statistical relational to neurosymbolic artificial intelligence: a survey.
Artif Intell, 2024, 328: 104062

Wan Z, Liu C K, Yang H, et al. Towards cognitive Al systems: a survey and prospective on neuro-symbolic Al. 2024.
ArXiv:2401.01040

Manduchi L, Pandey K, Bamler R, et al. On the challenges and opportunities in generative AI. 2024.
ArXiv:2403.00025

Lavrac N, Dzeroski S. Inductive logic programming. In: Proceedings of Wafer Level Package Seminar, 1994. 146-160
Cropper A, Dumancié¢ S, Evans R, et al. Inductive logic programming at 30. Mach Learn, 2022, 111: 147-172
Halbert D C. Programming by Example. Berkeley: University of California, Berkeley, 1984

Gulwani S. Programming by examples. Depend Softw Syst Eng, 2016, 45: 3-15

Lau T, Wolfman S A, Domingos P, et al. Programming by demonstration using version space algebra. Machine
Learn, 2003, 53: 111-156

Calinon S. Learning from demonstration (programming by demonstration). In: Encyclopedia of Robotics. Berlin:
Springer, 2018

Mernik M, Heering J, Sloane A M. When and how to develop domain-specific languages. ACM Comput Surv, 2005,
37: 316-344

Manhaeve R, Dumancic S, Kimmig A, et al. DeepProbLog: neural probabilistic logic programming. In: Proceedings
of Advances in Neural Information Processing Systems, 2018

Xu J, Zhang Z, Friedman T, et al. A semantic loss function for deep learning with symbolic knowledge. In:
Proceedings of International Conference on Machine Learning, 2018. 5502-5511

Fischer M, Balunovic M, Drachsler-Cohen D, et al. DL2: training and querying neural networks with logic. In:
Proceedings of International Conference on Machine Learning, 2019. 1931-1941

Kambhampati S. Can large language models reason and plan? Ann New York Acad Sci, 2024, 1534: 15-18

Donoho D L, Huo X. Uncertainty principles and ideal atomic decomposition. IEEE Trans Inform Theor, 2001, 47:
2845-2862

Gal Y, Ghahramani Z. Dropout as a Bayesian approximation: representing model uncertainty in deep learning. In:
Proceedings of International Conference on Machine Learning, 2016. 1050-1059

Guo C, Pleiss G, Sun Y, et al. On calibration of modern neural networks. In: Proceedings of International Conference
on Machine Learning, 2017. 1321-1330

Mukhoti J, Kulharia V, Sanyal A, et al. Calibrating deep neural networks using focal loss. In: Proceedings of
Advances in Neural Information Processing Systems, 2020. 33: 15288-15299

Li Z, Liu Z, Yao Y, et al. Learning with logical constraints but without shortcut satisfaction. In: Proceedings of the
11th International Conference on Learning Representations, 2022

Li Z, Yao Y, Chen T, et al. Softened symbol grounding for neuro-symbolic systems. In: Proceedings of the 11th
International Conference on Learning Representations, 2022

Li Z, Huang Y, Li Z, et al. Neuro-symbolic learning yielding logical constraints. In: Proceedings of Advances in



36

37
38

39

40
41

42

43

44

45

46

47

48

49

50

51

52

53

54

55
56

57

58
59

60

61

EFEE PERE:FEEMNE 2025%F Fssd F1H 24

Neural Information Processing Systems, 2024

Garcez A d, Bader S, Bowman H, et al. Neural-symbolic learning and reasoning: a survey and interpretation. In:
Neuro-Symbolic Artificial Intelligence: The State of the Art. Amsterdam: 10S Press, 2022. 342: 327-327

Kautz H A. The third AT summer: AAAI Robert S. Engelmore Memorial Lecture. Al Mag, 2022, 43: 105-125
Cornelio C, Stuehmer J, Hu S X, et al. Learning where and when to reason in neuro-symbolic inference. In:
Proceedings of the 11th International Conference on Learning Representations, 2022

Rawat W, Wang Z. Deep convolutional neural networks for image classification: a comprehensive review. Neural
Comput, 2017, 29: 2352-2449

Yu D, Deng L. Automatic Speech Recognition. Berlin: Springer, 2016

Otter D W, Medina J R, Kalita J K. A survey of the usages of deep learning for natural language processing. IEEE
Trans Neural Netw Learn Syst, 2021, 32: 604—624

Shapiro E Y. The model inference system. In: Proceedings of the 7th International Joint Conference on Artificial
Intelligence, 1981. 1064-1064

De Moura L, Bjgrner N. Z3: an efficient SMT solver. In: Proceedings of International Conference on Tools and
Algorithms for the Construction and Analysis of Systems, 2008. 337-340

Barbosa H, Barrett C, Brain M, et al. Cvc5: a versatile and industrial-strength SMT solver. In: Proceedings of
International Conference on Tools and Algorithms for the Construction and Analysis of Systems, 2022. 415-442
Cai Y H, Yang H, An X, et al. Study on neurosymbolic learning and its applications. Chin J Intell Sci Technol, 2022,
4: 560-570 [N, B4, L, & WA S R HM T ekl 5HA SR, 2022, 4: 560-570]

Lau T A, Domingos P M, Weld D S. Version space algebra and its application to programming by demonstration.
In: Proceedings of International Conference on Machine Learning, 2000. 527-534

Cordts M, Omran M, Ramos S, et al. The cityscapes dataset for semantic urban scene understanding. In: Proceedings
of the IEEE Conference on Computer Vision and Pattern Recognition, 2016. 3213-3223

Zhou Z H, Huang Y X. Abductive learning. In: Neuro-Symbolic Artificial Intelligence: The State of the Art.
Amsterdam: I0S Press, 2021

Duan X, Wang X, Zhao P, et al. DeepLogic: joint learning of neural perception and logical reasoning. IEEE Trans
Pattern Anal Mach Intell, 2022, 45: 4321-4334

Yang Z, Ishay A, Lee J. Learning to solve constraint satisfaction problems with recurrent transformer. 2023.
ArXiv:2307.04895

Bard J F. Practical Bilevel Optimization: Algorithms and Applications. New York: Springer Science & Business
Media, 2013

Dempe S, Zemkoho A. Bilevel optimization. In: Topological Aspects of Nonsmooth Optimization. Berlin: Springer,
2020

Gunawardana A, Byrne W, Jordan M I. Convergence theorems for generalized alternating minimization procedures.
J Machine Learn Res, 2005, 6: 2049-2073

Bezdek J C, Hathaway R J. Some notes on alternating optimization. In: Proceedings of AFSS International
Conference on Fuzzy Systems Calcutta, 2002. 288—-300

Powell M J D. On search directions for minimization algorithms. Math Programming, 1973, 4: 193-201

Daskalakis C, Panageas I. The limit points of (optimistic) gradient descent in min-max optimization. In: Proceedings
of Advances in Neural Information Processing Systems, 2018

Pethick T, Latafat P, Patrinos P, et al. Escaping limit cycles: global convergence for constrained nonconvex-
nonconcave minimax problems. 2023. ArXiv:2302.09831

Goodfellow I, Pouget-Abadie J, Mirza M, et al. Generative adversarial networks. Commun ACM, 2020, 63: 139-144
Creswell A, White T, Dumoulin V, et al. Generative adversarial networks: an overview. IEEE Signal Process Mag,
2018, 35: 53-65

Zhou Z, Liang J, Song Y, et al. Lipschitz generative adversarial nets. In: Proceedings of International Conference
on Machine Learning, 2019. 7584-7593

Wu Y, Zhou P, Wilson A G, et al. Improving gan training with probability ratio clipping and sample reweighting.
In: Proceedings of Advances in Neural Information Processing Systems, 2020. 33: 5729-5740



62

63

64

65

66

67

68

69

70

71

72

73

74
75

76
7

78
79

80

81

82
83
84
85
86

87
88
89

90

EFEE PERZE:EENE 2025F Fs5dE F1H 25

Sajeeda A, Hossain B M M. Exploring generative adversarial networks and adversarial training. Int J Cogn Comput
Eng, 2022, 3: 78-89

Boyd N, Schiebinger G, Recht B. The alternating descent conditional gradient method for sparse inverse problems.
SIAM J Optim, 2017, 27: 616-639

Bot R I, Bohm A. Alternating proximal-gradient steps for (stochastic) nonconvex-concave minimax problems. STAM
J Optim, 2023, 33: 1884-1913

Ha W, Barber R F. Alternating minimization and alternating descent over nonconvex sets. 2017. ArXiv:1709.04451
Lee J, Cho H, Yun C. Fundamental benefit of alternating updates in minimax optimization. 2024. ArXiv:2402.10475
Chen T, Sun Y, Yin W. Closing the gap: tighter analysis of alternating stochastic gradient methods for bilevel
problems. In: Proceedings of Advances in Neural Information Processing Systems, 2021. 2529425307

Ji K, Yang J, Liang Y. Bilevel optimization: convergence analysis and enhanced design. In: Proceedings of
International Conference on Machine Learning, 2021. 4882-4892

Liu B, Ye M, Wright S, et al. Bome! Bilevel optimization made easy: a simple first-order approach. In: Proceedings
of Advances in Neural Information Processing Systems, 2022. 35: 17248-17262

Shen H, Chen T. On penalty-based bilevel gradient descent method. In: Proceedings of International Conference on
Machine Learning, 2023. 30992-31015

Schéfer F, Anandkumar A. Competitive gradient descent. In: Proceedings of Advances in Neural Information
Processing Systems, 2019

Fiez T, Chasnov B, Ratliff L. Implicit learning dynamics in Stackelberg games: equilibria characterization,
convergence analysis, and empirical study. In: Proceedings of International Conference on Machine Learning, 2020.
3133-3144

Li Z, Usman M, Tao R, et al. A systematic survey of regularization and normalization in GANs. ACM Comput Surv,
2023, 55: 1-37

Harnad S. The symbol grounding problem. Phys D-Nonlinear Phenom, 1990, 42: 335-346

Taddeo M, Floridi L. Solving the symbol grounding problem: a critical review of fifteen years of research. J Exp
Theor Artif Intell, 2005, 17: 419-445

Valiant L G. The complexity of enumeration and reliability problems. SIAM J Comput, 1979, 8: 410-421

Karp R M, Luby M, Madras N. Monte-Carlo approximation algorithms for enumeration problems. J Algorithms,
1989, 10: 429-448

Creignou N, Hermann M. Complexity of generalized satisfiability counting problems. Inf Comput, 1996, 125: 1-12
He HY, Dai W Z, Li M. Reduced implication-bias logic loss for neuro-symbolic learning. Mach Learn, 2024, 113:
3357-3377

Marconato E, Teso S, Vergari A, et al. Not all neuro-symbolic concepts are created equal: analysis and mitigation of
reasoning shortcuts. In: Proceedings of Advances in Neural Information Processing Systems, 2024

van Krieken E, Minervini P, Ponti E M, et al. On the independence assumption in neurosymbolic learning. 2024.
ArXiv:2404.08458

Chavira M, Darwiche A. On probabilistic inference by weighted model counting. Artif Intell, 2008, 172: 772-799
Kimmig A, van den Broeck G, de Raedt L. Algebraic model counting. J Appl Logic, 2017, 22: 46—62

Hajek P. Metamathematics of Fuzzy Logic. Berlin: Springer Science & Business Media, 2013

van Krieken E; Acar E, van Harmelen F. Analyzing differentiable fuzzy logic operators. Artif Intell, 2022, 302: 103602
Raedt L D, Kersting K, Natarajan S, et al. Statistical relational artificial intelligence: logic, probability, and
computation. In: Synthesis Lectures on Artificial Intelligence and Machine Learning. Cham: Springer, 2016. 10:
1-189

Akers. Binary decision diagrams. IEEE Trans Comput, 1978, 100: 509-516

Bryant R E. Graph-based algorithms for Boolean function manipulation. IEEE Trans Comput, 1986, 100: 677-691
Darwiche A. SDD: a new canonical representation of propositional knowledge bases. In: Proceedings of the 22nd
International Joint Conference on Artificial Intelligence, 2011

Choi A, Darwiche A. Dynamic minimization of sentential decision diagrams. In: Proceedings of the AAAI Conference

on Artificial Intelligence, 2013. 187-194



91
92

93

94

95

96

97
98

99

100
101

102

103

104
105

106

107
108

109

110

111

112

113

114

115

116
117

EFEE PERZ:FEENE 2025F Fs5dE F1H 26

Darwiche A, Marquis P. A knowledge compilation map. J Artif Intell Res, 2002, 17: 229-264

Huang J, Li Z, Chen B, et al. Scallop: from probabilistic deductive databases to scalable differentiable reasoning. In:
Proceedings of Advances in Neural Information Processing Systems, 2021, 34: 25134-25145

Manhaeve R, Marra G, de Raedt L. Approximate inference for neural probabilistic logic programming. In:
Proceedings of the 18th International Conference on Principles of Knowledge Representation and Reasoning, 2021.
475-486

van Krieken E, Thanapalasingam T, Tomczak J, et al. A-NeSI: a scalable approximate method for probabilistic
neurosymbolic inference. In: Proceedings of Advances in Neural Information Processing Systems, 2024

Li Q, Huang S, Hong Y, et al. Closed loop neural-symbolic learning via integrating neural perception, grammar
parsing, and symbolic reasoning. In: Proceedings of International Conference on Machine Learning, 2020. 5884—5894
Gu J, Purdom P W, Franco J V, et al. Algorithms for the satisfiability (SAT) problem: a survey. In: Handbook of
Combinatorial Optimization. Oxford: Oxford University Press, 1996. 35: 19-152

Gong W, Zhou X. A survey of SAT solver. In: Proceedings of AIP Conference Proceedings, 2017

de Moura L, Dutertre B, Shankar N. A tutorial on satisfiability modulo theories: (invited tutorial). In: Proceedings
of International Conference on Computer Aided Verification, 2007. 20—-36

Monniaux D. A survey of satisfiability modulo theory. In: Proceedings of the 18th International Workshop on
Computer Algebra in Scientific Computing, 2016. 401-425

Yang Z, Ishay A, Lee J. NeurASP: embracing neural networks into answer set programming. 2023. ArXiv:2307.07700
Skryagin A, Stammer W, Ochs D, et al. SLASH: embracing probabilistic circuits into neural answer set programming.
2021. ArXiv:2110.03395

Skryagin A, Stammer W, Ochs D, et al. Neural-probabilistic answer set programming. In: Proceedings of the
International Conference on Principles of Knowledge Representation and Reasoning, 2022. 463-473

Gebser M, Kaminski R, Kaufmann B, et al. Theory solving made easy with Clingo 5. In: Proceedings of Technical
Communications of the 32nd International Conference on Logic Programming, 2016

Lifschitz V. Answer Set Programming. Cham: Springer, 2019

Gebser M, Kaufmann B, Neumann A, et al. Conflict-driven answer set enumeration. In: Proceedings of the 9th
International Conference on Logic Programming and Nonmonotonic Reasoning, 2007. 136-148

Dai W Z, Xu Q, Yu Y, et al. Bridging machine learning and logical reasoning by abductive learning. In: Proceedings
of Advances in Neural Information Processing Systems, 2019

Dai W Z, Muggleton S H. Abductive knowledge induction from raw data. 2020. ArXiv:2010.03514

Yu Y, Qian H, Hu Y Q. Derivative-free optimization via classification. In: Proceedings of the AAAI Conference on
Artificial Intelligence, 2016

Triska M. The Boolean constraint solver of SWI-prolog (system description). In: Proceedings of International
Symposium on Functional and Logic Programming, 2016. 45-61

Wang Z, Vijayakumar S, Lu K, et al. Grounding neural inference with satisfiability modulo theories. In: Proceedings
of Advances in Neural Information Processing Systems, 2024

Hassan M, Urban C, Eilers M, et al. MaxSMT-based type inference for Python 3. In: Proceedings of the 30th
International Conference on Computer Aided Verification, 2018. 12-19

Li C M, Manya F. MaxSAT, hard and soft constraints. In: Handbook of Satisfiability. Amsterdam: I0S Press, 2021.
903-927

Feng W, He K, Yin Y. Sampling constraint satisfaction solutions in the local lemma regime. In: Proceedings of the
53rd Annual ACM SIGACT Symposium on Theory of Computing, 2021. 1565-1578

Feng W, Guo H, Yin Y, et al. Fast sampling and counting k-SAT solutions in the local lemma regime. J ACM, 2021,
68: 1-42

Wigderson A. Mathematics and Computation: A Theory Revolutionizing Technology and Science. Princeton:
Princeton University Press, 2019

Dombi J. Membership function as an evaluation. Fuzzy Sets Syst, 1990, 35: 1-21

Jain A, Sharma A. Membership function formulation methods for fuzzy logic systems: a comprehensive review. J

Crit Rev, 2020, 7: 8717-8733



118

119

120

121

122

123

124

125
126

127

128

129

130

131

132

133

134
135

136

137
138

139

140

141

142

143

144

145

EFEE PERE:FEEMNE 2025%F Fssd F1H 27

Gupta M M, Qi J. Theory of T-norms and fuzzy inference methods. Fuzzy Sets Syst, 1991, 40: 431-450

Klement E P, Mesiar R, Pap E. Triangular Norms. Berlin: Springer Science & Business Media, 2013

Pryor C, Dickens C, Augustine E, et al. NeuPSL: neural probabilistic soft logic. 2022. ArXiv:2205.14268
Shengyuan C, Cai Y, Fang H, et al. Differentiable neuro-symbolic reasoning on large-scale knowledge graphs. In:
Proceedings of Advances in Neural Information Processing Systems, 2024

Kimmig A, Bach S, Broecheler M, et al. A short introduction to probabilistic soft logic. In: Proceedings of the NIPS
Workshop on Probabilistic Programming: Foundations and Applications, 2012. 1-4

Diligenti M, Gori M, Sacca C. Semantic-based regularization for learning and inference. Artif Intell, 2017, 244:
143-165

Serafini L, d’Avila Garcez A S. Learning and reasoning with logic tensor networks. In: Proceedings of Conference of
the Italian Association for Artificial Intelligence, 2016. 334-348

Badreddine S, d’Avila Garcez A, Serafini L, et al. Logic tensor networks. Artif Intell, 2022, 303: 103649

Winters T, Marra G, Manhaeve R, et al. DeepStochLog: neural stochastic logic programming. In: Proceedings of
the AAAI Conference on Artificial Intelligence, 2022. 10090-10100

Ahmed K, Wang E, Chang K W, et al. Neuro-symbolic entropy regularization. In: Proceedings of Uncertainty in
Artificial Intelligence, 2022. 43-53

Ahmed K, Teso S, Chang K W, et al. Semantic probabilistic layers for neuro-symbolic learning. In: Proceedings of
Advances in Neural Information Processing Systems, 2022. 29944-29959

Vergari A, Choi Y, Peharz R, et al. Probabilistic circuits: representations, inference, learning and applications. In:
Proceedings of Tutorial at the 34th AAAI Conference on Artificial Intelligence, 2020

Yang Z, Lee J, Park C. Injecting logical constraints into neural networks via straight-through estimators. In:
Proceedings of International Conference on Machine Learning, 2022. 25096-25122

Xu W, Wang J, Xie L, et al. LogicMP: a neuro-symbolic approach for encoding first-order logic constraints. 2023.
ArXiv:2309.15458

Grespan M M, Gupta A, Srikumar V. Evaluating relaxations of logic for neural networks: a comprehensive study.
2021. ArXiv:2107.13646

Marconato E, Teso S, Passerini A. Neuro-symbolic reasoning shortcuts: mitigation strategies and their limitations.
2023. ArXiv:2303.12578

Flach P A. Classifier calibration. In: Proceedings of Encyclopedia of Machine Learning and Data Mining, 2016
Miiller R, Kornblith S, Hinton G E. When does label smoothing help? In: Proceedings of Advances in Neural
Information Processing Systems, 2019

Liu B, Ayed I B, Galdran A, et al. The devil is in the margin: margin-based label smoothing for network calibration.
In: Proceedings of the IEEE/CVF Conference on Computer Vision and Pattern Recognition, 2022. 80-88

Zhang H, Cisse M, Dauphin Y N, et al. Mixup: beyond empirical risk minimization. 2017. ArXiv:1710.09412
Hendrycks D, Mu N, Cubuk E D, et al. AugMix: a simple data processing method to improve robustness and
uncertainty. 2019. ArXiv:1912.02781

Joo T, Chung U. Revisiting explicit regularization in neural networks for well-calibrated predictive uncertainty. 2020.
ArXiv:2006.06399

Wei H, Xie R, Cheng H, et al. Mitigating neural network overconfidence with logit normalization. In: Proceedings
of International Conference on Machine Learning, 2022. 23631-23644

Cheng J, Vasconcelos N. Calibrating deep neural networks by pairwise constraints. In: Proceedings of the IEEE/CVF
Conference on Computer Vision and Pattern Recognition, 2022. 13709-13718

Wang Y, Li B, Che T, et al. Energy-based open-world uncertainty modeling for confidence calibration. In:
Proceedings of the IEEE/CVF International Conference on Computer Vision, 2021. 9302-9311

Grathwohl W, Wang K C, Jacobsen J H, et al. Your classifier is secretly an energy based model and you should treat
it like one. 2019. ArXiv:1912.03263

Liu W, Wang X, Owens J, et al. Energy-based out-of-distribution detection. In: Proceedings of Advances in Neural
Information Processing Systems, 2020. 33: 21464-21475

Lin T'Y, Goyal P, Girshick R, et al. Focal loss for dense object detection. In: Proceedings of the IEEE International



146

147

148
149

150

151

152

153

154
155

156

157

158

159

160
161

162
163

164

165

166

167

168
169

170

171

172

173

T FEE PERZE:FEENE 2025F Fs5E F1H 28

Conference on Computer Vision, 2017. 29802988

Ahmed K, Chang K W, van den Broeck G. Semantic strengthening of neuro-symbolic learning. In: Proceedings of
International Conference on Artificial Intelligence and Statistics, 2023. 10252-10261

Bengio Y, Deleu T, Rahaman N, et al. A meta-transfer objective for learning to disentangle causal mechanisms.
2019. ArXiv:1901.10912

Yao L, Chu Z, Li S, et al. A survey on causal inference. ACM Trans Knowl Discov Data, 2021, 15: 1-46

Filho T S, Song H, Perello-Nieto M, et al. Classifier calibration: a survey on how to assess and improve predicted
class probabilities. Mach Learn, 2023, 112: 3211-3260

Getoor L, Taskar B. Introduction to Statistical Relational Learning. Cambridge: MIT Press, 2007

Kearns M, Li M, Valiant L. Learning Boolean formulas. J ACM, 1994, 41: 1298-1328

Blei D M, Kucukelbir A, McAuliffe J D. Variational inference: a review for statisticians. J Am Statistical Assoc,
2017, 112: 859-877

Luengo D, Martino L, Bugallo M, et al. A survey of Monte Carlo methods for parameter estimation. EURASIP J
Adv Signal Process, 2020, 2020: 25

Evans R, Grefenstette E. Learning explanatory rules from noisy data. J Artif Intell Res, 2018, 61: 1-64

Shindo H, Nishino M, Yamamoto A. Differentiable inductive logic programming for structured examples. In:
Proceedings of the AAAT Conference on Artificial Intelligence, 2021. 5034-5041

Shindo H, Pfanschilling V, Dhami D S, et al. aILP: thinking visual scenes as differentiable logic programs. Mach
Learn, 2023, 112: 1465-1497

Si X, Raghothaman M, Heo K, et al. Synthesizing datalog programs using numerical relaxation. 2019.
ArXiv:1906.00163

Seung H S, Opper M, Sompolinsky H. Query by committee. In: Proceedings of the 5th Annual Workshop on
Computational Learning Theory, 1992. 287-294

Yang F, Yang Z, Cohen W W. Differentiable learning of logical rules for knowledge base reasoning. In: Proceedings
of Advances in Neural Information Processing Systems, 2017

Cohen W W. TensorLog: a differentiable deductive database. 2016. ArXiv:1605.06523

Wang P W, Stepanova D, Domokos C, et al. Differentiable learning of numerical rules in knowledge graphs. In:
International Conference on Learning Representations, 2019

Yang Y, Song L. Learn to explain efficiently via neural logic inductive learning. 2019. ArXiv:1910.02481

Wang W Y, Cohen W. Scalable statistical relational learning for NLP. In: Proceedings of the Conference of the North
American Chapter of the Association for Computational Linguistics: Tutorial Abstracts, 2016. 14-16

Sadeghian A, Armandpour M, Ding P, et al. DRUM: end-to-end differentiable rule mining on knowledge graphs. In:
Proceedings of Advances in Neural Information Processing Systems, 2019

Cheng K, Liu J, Wang W, et al. RLogic: recursive logical rule learning from knowledge graphs. In: Proceedings of
the 28th ACM SIGKDD Conference on Knowledge Discovery and Data Mining, 2022. 179-189

Qu M, Chen J, Xhonneux L P, et al. RNNLogic: learning logic rules for reasoning on knowledge graphs. 2020.
ArXiv:2010.04029

Rocktéschel T, Riedel S. End-to-end differentiable proving. In: Proceedings of Advances in Neural Information
Processing Systems, 2017

Minervini P, Bosnjak M, Rocktéschel T, et al. Towards neural theorem proving at scale. 2018. ArXiv:1807.08204
Minervini P, Bosnjak M, Rocktéaschel T, et al. Differentiable reasoning on large knowledge bases and natural language.
In: Proceedings of the AAAI Conference on Artificial Intelligence, 2020. 51825190

Minervini P, Riedel S, Stenetorp P, et al. Learning reasoning strategies in end-to-end differentiable proving. In:
Proceedings of International Conference on Machine Learning, 2020. 6938-6949

Campero A, Pareja A, Klinger T, et al. Logical rule induction and theory learning using neural theorem proving.
2018. ArXiv:1809.02193

Glanois C, Jiang Z, Feng X, et al. Neuro-symbolic hierarchical rule induction. In: Proceedings of International
Conference on Machine Learning, 2022. 7583-7615

Wang P W, Donti P, Wilder B, et al. SATNet: bridging deep learning and logical reasoning using a differentiable



174

175

176

177

178

179

180

181

182

183

184

185

186
187

188

189

190

191

192

193

194

195

196

197

198
199

200

201

EFEE PERZE:FEERNE 20255F HFs5dE F1H 29

satisfiability solver. In: Proceedings of International Conference on Machine Learning, 2019. 6545-6554

Wang P W, Kolter J Z. Low-rank semidefinite programming for the MAX2SAT problem. In: Proceedings of the
AAAI Conference on Artificial Intelligence, 2019. 1641-1649

Wang P W, Chang W C, Kolter J Z. The mixing method: coordinate descent for low-rank semidefinite programming.
2017. ArXiv:1706.00476

Luo Z Q, Ma W K, So A, et al. Semidefinite relaxation of quadratic optimization problems. IEEE Signal Process
Mag, 2010, 27: 20-34

Lim S, Oh E G, Yang H. Learning symmetric rules with SATNet. In: Proceedings of Advances in Neural Information
Processing Systems, 2022. 13251-13262

Li Z, Guo J, Jiang Y, et al. Learning reliable logical rules with SATNet. In: Proceedings of Advances in Neural
Information Processing Systems, 2024

Chang O, Flokas L, Lipson H, et al. Assessing SATNet’s ability to solve the symbol grounding problem. In:
Proceedings of Advances in Neural Information Processing Systems, 2020. 1428-1439

Topan S, Rolnick D, Si X. Techniques for symbol grounding with SATNet. In: Proceedings of Advances in Neural
Information Processing Systems, 2021. 20733-20744

Cook W J. In Pursuit of the Traveling Salesman: Mathematics at the Limits of Computation. Princeton: Princeton
University Press, 2015

Meng T, Chang K W. An integer linear programming framework for mining constraints from data. In: Proceedings
of International Conference on Machine Learning, 2021. 7619-7631

Paulus A, Rolinek M, Musil V, et al. CombOptNet: fit the right NP-hard problem by learning integer programming
constraints. In: Proceedings of International Conference on Machine Learning, 2021. 8443-8453

Nandwani Y, Ranjan R, Singla P, et al. A solver-free framework for scalable learning in neural ILP architectures.
In: Proceedings of Advances in Neural Information Processing Systems, 2022. 7972-7986

Dinh T P, Thi H A L. Convex analysis approach to D.C. programming: theory, algorithms and applications. Acta
Math Vietnam, 1997, 22: 289-355

Thi H A L, Dinh T P. DC programming and DCA: thirty years of developments. Math Program, 2018, 169: 5-68
Eén N, Sorensson N. Translating pseudo-Boolean constraints into SAT. J Satisfiability, Boolean Modeling Comput,
2006, 2: 1-26

Bailleux O, Boufkhad Y, Roussel O, et al. A translation of pseudo-Boolean constraints to SAT. J Satisfiability,
Boolean Modeling Comput, 2006, 2: 191-200

Steinbach B, Kohut R. Neural networks — a model of Boolean functions. In: Proceedings of the 5th International
Workshop on Boolean Problems, 2002. 223-240

Payani A, Fekri F. Learning algorithms via neural logic networks. 2019. ArXiv:1904.01554

Dong H, Mao J, Lin T, et al. Neural logic machines. 2019. ArXiv:1904.11694

Payani A, Fekri F. Inductive logic programming via differentiable deep neural logic networks. 2019. ArXiv:1906.03523
Zimmer M, Feng X, Glanois C, et al. Differentiable logic machines. 2021. ArXiv:2102.11529

Riegel R, Gray A, Luus F, et al. Logical neural networks. 2020. ArXiv:2006.13155

Sen P, de Carvalho B W, Riegel R, et al. Neuro-symbolic inductive logic programming with logical neural networks.
In: Proceedings of the AAAI Conference on Artificial Intelligence, 2022. 8212-8219

Sourek G, Aschenbrenner V, Zelezny F, et al. Lifted relational neural networks: efficient learning of latent relational
structures. J Artif Intell Res, 2018, 62: 69—-100

Palm R, Paquet U, Winther O. Recurrent relational networks. In: Proceedings of Advances in Neural Information
Processing Systems, 2018

Chen D, Bai Y, Zhao W, et al. Deep reasoning networks: thinking fast and slow. 2019. ArXiv:1906.00855

Bai Y, Chen D, Gomes C P. CLR-DRNets: curriculum learning with restarts to solve visual combinatorial games.
In: Proceedings of the 27th International Conference on Principles and Practice of Constraint Programming, 2021
Zhou Z-H. Abductive learning: towards bridging machine learning and logical reasoning. Sci China Inf Sci, 2019, 62:
076101

Wang K, Tsamoura E, Roth D. On learning latent models with multi-instance weak supervision. In: Proceedings of



202

203

204

205

206

207

208

209

210

211

212

213

214

215

216

217

218
219

220

221

222
223

224
225

226

227

EFEE PERZ:FEENE 2025F Fs5E F1H 30

Advances in Neural Information Processing Systems, 2024

Koppen M. The curse of dimensionality. In: Proceedings of the 5th Online World Conference on Soft Computing in
Industrial Applications, 2000. 4-8

Neal R M. MCMC using hamiltonian dynamics. In: Handbook of Markov Chain Monte Carlo. Boca Raton: Chapman
& Hall/CRC, 2011

Zhang D, Malkin N, Liu Z, et al. Generative flow networks for discrete probabilistic modeling. In: Proceedings of
International Conference on Machine Learning, 2022. 26412-26428

Jiang A Q, Li W, Tworkowski S, et al. Thor: wielding hammers to integrate language models and automated theorem
provers. In: Proceedings of Advances in Neural Information Processing Systems, 2022. 8360-8373

First E, Rabe M N, Ringer T, et al. Baldur: whole-proof generation and repair with large language models. In:
Proceedings of the 31st ACM Joint European Software Engineering Conference and Symposium on the Foundations
of Software Engineering, 2023. 1229-1241

Hendrycks D, Burns C, Basart S, et al. Measuring massive multitask language understanding. 2020.
ArXiv:2009.03300

Chen M, Tworek J, Jun H, et al. Evaluating large language models trained on code. 2021. ArXiv:2107.03374
Lightman H, Kosaraju V, Burda Y, et al. Let’s verify step by step. 2023. ArXiv:2305.20050

Chu Z, Chen J, Chen Q, et al. A survey of chain of thought reasoning: advances, frontiers and future. 2023.
ArXiv:2309.15402

Parmar M, Patel N, Varshney N, et al. Towards systematic evaluation of logical reasoning ability of large language
models. 2024. ArXiv:2404.15522

Wan Y, Wang W, Yang Y, et al. A & B == B & A: triggering logical reasoning failures in large language models.
2024. ArXiv:2401.00757

Pan L, Albalak A, Wang X, et al. Logic-LM: empowering large language models with symbolic solvers for faithful
logical reasoning. 2023. ArXiv:2305.12295

Zhou J P, Staats C, Li W, et al. Don’t trust: verify—grounding llm quantitative reasoning with autoformalization.
2024. ArXiv:2403.18120

Wu Y, Jiang A Q, Li W, et al. Autoformalization with large language models. In: Proceedings of Advances in Neural
Information Processing Systems, 2022. 32353-32368

Blanchette J C, Bulwahn L, Nipkow T. Automatic proof and disproof in Isabelle/HOL. In: Proceedings of the 8th
International Symposium on Frontiers of Combining Systems, 2011. 12-27

Trinh T H, Wu Y, Le Q V, et al. Solving olympiad geometry without human demonstrations. Nature, 2024, 625:
476-482

Cornelio C, Diab M. Recover: a neuro-symbolic framework for failure detection and recovery. 2024. ArXiv:2404.00756
Kwon J, Levine S, Tenenbaum J B. Neuro-symbolic models of human moral judgment: LLMs as automatic feature
extractors. In: Proceedings of the 40th International Conference on Machine Learning, 2023

Zhang H, Huang J, Li Z, et al. Improved logical reasoning of language models via differentiable symbolic programming.
2023. ArXiv:2305.03742

Luo L, Ju J, Xiong B, et al. ChatRule: mining logical rules with large language models for knowledge graph reasoning.
2023. ArXiv:2309.01538

Gao G, Ju H, Jiang J, et al. A semantic search engine for Mathlib4. 2024. ArXiv:2403.13310

Azerbayev Z, Piotrowski B, Avigad J. ProofNet: a benchmark for autoformalizing and formally proving
undergraduate-level mathematics problems. In: Proceedings of the 2nd MATH-AI Workshop, 2022

Gilpin L H, Ilievski F. Neuro-symbolic reasoning in the traffic domain. J AI Res, 2021, 15: 123-145

Sun J, Sun H, Han T, et al. Neuro-symbolic program search for autonomous driving decision module design. In:
Proceedings of Conference on Robot Learning, 2021. 21-30

Sharifi I, Yildirim M, Fallah S. Towards safe autonomous driving policies using a neuro-symbolic deep reinforcement
learning approach. 2023. ArXiv:2307.01316

Myers B A. Visual programming, programming by example, and program visualization: a taxonomy. SIGCHI Bull,

1986, 17: 59-66



EFEE PEMNFE: EEME 2025F Fss5d F1H 31

228 Gupta T, Kembhavi A. Visual programming: compositional visual reasoning without training. In: Proceedings of
the IEEE/CVF Conference on Computer Vision and Pattern Recognition, 2023. 14953-14962

229 Cho J, Zala A, Bansal M. Visual programming for text-to-image generation and evaluation. 2023. ArXiv:2305.15328

230 Yang K, Swope A, Gu A, et al. LeanDojo: theorem proving with retrieval-augmented language models. In:
Proceedings of Advances in Neural Information Processing Systems, 2024

231 Limperg J, From A H. Aesop: white-box best-first proof search for lean. In: Proceedings of the 12th ACM SIGPLAN
International Conference on Certified Programs and Proofs, 2023. 253266

232 Tao T. Embracing change and resetting expectations. AI Anthology, 2023. https://unlocked.microsoft.com/

ai-anthology /terence-tao/

Neuro-symbolic systems: a perspective of uncertainty
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Abstract As an intelligent software paradigm, neuro-symbolic systems — integrating neural networks and
symbolic rules — have garnered increasing attention, with explosive growth in related research. However, existing
approaches still struggle with the effective and efficient construction of large-scale neuro-symbolic systems.
One key factor contributing to the unsatisfactory performance of neuro-symbolic learning is the incompatible
management of uncertainty during both neural network training and symbolic rule learning processes. This paper
alms to provide a systematic, consistent, and rigorous perspective to facilitate the discussion and analysis of the
technical challenges in “end-to-end” neuro-symbolic learning. Based on this perspective, the paper organizes and
reviews the ideas, progress, and current issues in related work, while also looking ahead to future directions in
the development of this field.
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