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Figure 1 Schematic diagram of the lattice (a) and the evolution of the
configuration distance distribution P(rg) with temperature 7 (b) for the
kagome spin ice model. In (b), the colors of the heat map represent the
probability density, which clearly shows the multi-peak structure of the
low-temperature ordered phase, the broad distribution of the intermedi-
ate critical phase, and the single Gaussian peak structure of the high-
temperature disordered phase. The figure is adapted from ref. [31].
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Figure 2 Finite-size scaling analysis of the kagome spin ice model
based on configuration space measurements and obeying eq. (3). (a)
Tc1; (b) Tep. Two panels share the same legend. The figure is adapted
from ref. [31].
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Figure 3 (a) Evolution of the configuration-space distance distribution
P(ry) with temperature 7 for the 2D classical Ising model; (b) the stan-
dard deviation of the configuration distance distribution v/Var(rg); (c)
its finite-size data collapse result. The data is adapted from ref. [32].
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Figure 4 (a) Evolution of the configuration-space distance distribution
P(ry) with temperature T for the 2D 6-state clock model; (b) the stan-
dard deviation of the configuration distance distribution /Var(rp); (c)
its finite-size data collapse result. (a) corresponds to a system size of
L = 80; data points in (b) and (c) correspond to sizes from L = 12 to 174
with a step of 18. The data is adapted from ref. [32].
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Figure S (a) The critical points T (L) defined by the peak positions of
S 1 /S max for the Ising model; (b) its finite-size extrapolation. The figure
is adapted from ref. [32].
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Figure 6 Finite-size behavior of v/Var(rg) on the 4% basis for the 1D
TFIM. (a) The power-law decay behavior of /Var(ry) with the system
size L near the critical point; (b) data collapse using the critical expo-
nents of the 2D Ising universality class. The figure is adapted from ref.
[33].
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Figure 7 Finite-size behavior of /Var(ry) in the 6 basis for the 1D
TFIM. (a) The rapid power-law decay behavior of /Var(ry) with the sys-
tem size L near the critical point; (b) the data collapse plot of v/Var(ry)
after non-critical rescaling by L™%2, the inset shows the original data

1074

before rescaling. The figure is adapted from ref. [33].
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Figure 8 (a) The Fisher information 7 (k); (b) its finite-size data col-
lapse for 1D TFIM in the 6 basis. The figure is adapted from ref. [33].
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This paper systematically reviews a series of works of our research group in the new paradigm of phase transition research,
namely “statistical geometry of configuration space”. This method identifies phase transitions from the raw data in an
unsupervised manner and extracts universal critical behaviors by analyzing the distance distribution between microscopic
configurations sampled by Monte Carlo. We demonstrate how this paradigm has evolved from a numerical exploration
of complex models to a universal empirical scaling law, and, finally, to an analytical theoretical framework that connects
geometric quantities in configuration space with correlation functions in real space. This work reveals how macroscopic
criticality is encoded in the geometry of microscopic configurations, providing a brand-new, “white-box” and analytically
tractable data-driven perspective for studying complex phase transition problems with unknown order parameters.
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